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Abstract. Decision trees are a central structure in computer science, having
applications in many areas. This thesis contributes to the understanding of this
important structure by proving by proving theoretical bounds on its behavior
and also providing algorithms to construct decision trees with much stronger
guarantee and that can cope with more general situations than the solutions
available in the literature.

1. Introduction

Decision trees are a central structure in computer science, having applications in many
areas. In complexity theory is is used to prove lower bounds on the running time of
computational problems. In machine learning, decision trees as well as ensemble methods
that use them (e.g. Random Forests and Gradient Boosted Trees), are among the most
popular methods for classification tasks. This thesis contributes to the understanding of
this important structure by proving theoretical bounds on its behavior and also providing
algorithms to construct decision trees with much stronger guarantees and that can cope
with more general situations than the solutions available in the literature.

We consider a very general model of the decision tree construction problem: we
have a set of objects S = {sy,...,s,} which is partitioned into m classes C, ..., C,,.
Objects are characterized by the values they take with respect to a set of tests 7". Each test
t € T has a finite number of possible values. Moreover, each test ¢ has also an associated
rational positive cost ¢(t), which is charged whenever it is used, and each object s € S is
associated with a probability p(s).

In general lines, the problems we consider in the thesis consist of designing a pro-
cedure for discovering the classification of an unknown object in an efficient way, where
efficiency is measured with respect to the (expected) cost of the tests used. Tests are
performed to acquire information on the object to be classified. Each new test performed
(adaptively chosen from 7" on the basis of the result of the previous tests) reveals the value
taken for the given object. Hence, performing a test restricts the set of possible classifica-
tions to those of the objects matching the result of the test. The procedure stops when all
objects agreeing with the results of the tests performed belong to the same class, which
must also be the class of the object that had to be classified. The probability distribution
p over the set of objects reflects the belief about which objects will have to be classified.

A typical application of the above model is to a diagnosis problem. For
instance the objects could represent diseases, e.g., {flu,dengue, cancer}, classified
into infectious and non-infectious, e.g., Infectious = {flu} and Non-infectious =
{dengue, cancer}. In this case, tests correspond to medical tests with different costs,
and the object probabilities refer to the prior knowledge of the incidence of the three pos-
sible diseases among the patients who are going to ask to be diagnosed. The goal is, then,
to have a strategy that can be used to quickly/cheaply determine if the disease of a patient
(which is not known) is infectious or not.
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Figure 1. A decision tree D for 3 objects and 2 tests.

Any testing procedure can be represented by a decision tree, which is a tree where
every internal node is associated with a test. The branches stemming out from a node are
associated with the possible outcomes of the test associated with the node. Every leaf is
associated with a set of objects that belong to the same class.

Given a decision tree D, rooted at r, we can identify the class of an object s by
following a path from 7 to a leaf as follows: first, we ask for the result of the test associated
with  when performed on s; then, we follow the branch of r associated with the result of
the test to reach a child ' of r; next, we apply the same steps recursively starting from 7.
The procedure ends when a leaf is reached, which determines the class of s. We also say
that this is the leaf associated to s.

We define cost(D, s) as the sum of the tests’ cost on the path from the root of D
to the leaf associated with object s. Then, the worst-case cost and the expected cost of D
are, respectively, defined as

costy (D) = meag{cost(D, s)} and costg(D) = cost(D, s)p(s) (1)
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Figure 1 shows a decision tree D for 3 objects. The instance is given by the set
of objects S = {s1, S2, s3}, with probabilities p(s1) = 0.4, p(s2) = 0.5 and p(s3) = 0.1.
Each object s; belongs to a different class C; = {s;} and there are two tests, 1, to, with
costs ¢(t1) = 1,c(ty) = 2, respectively. Then, for the decision tree D depicted in the
figure, we have costy (D) = max{1l,1 + 2} = 3 and costg(D) = 0.4 x 1 4+ 0.5 x 3 +
0.1 x3=2.2.

2. Research Topics

In this thesis, we studied the following topics related to the design of decision trees.

Research Topic 1: Simultaneous optimization of worst-case cost and ex-
pected cost. Most of the research on decision tree optimization focuses
on building a decision tree that minimizes either the worst-case cost costy
or the expected cost costy [Kosarajuetal. 1999, Adler and Heeringa 2008,
Chakaravarthy et al. 2009, Guillory and Bilmes 2009, Guillory and Bilmes 2010,
Golovin et al. 2010, Gupta et al. 2010, Bellala et al. 2012]. From an application point of
view, the choice of the optimization criterion reflects different assumptions on the data
model: a more optimistic perspective on the knowledge of the underlying distribution



might elicit the minimization of the expected cost while a more pessimistic perspective
might prefer the conservative minimization of the worst-case cost.

However, the two different optimization criteria can lead to very different trees:
a decision tree minimizing the expected cost for a very skewed distribution can have a
skewed shape with a very high worst-case cost, even exponentially larger than the worst
cost of a decision tree optimized with respect to the worst-case cost. Conversely, opti-
mizing with respect to the worst-case cost can lead to a tree with poor performance in
expectation. Examples of this kind of behavior are given in the thesis.

The choice of the “wrong” optimization criterion might have serious consequences
in practical applications (see, e.g., [P. Kelle 2014] for such a study in the economics lit-
erature). Therefore, it makes sense to look for a trade-off between minimizing these two
measures.

Thus, our first and main research topic consisted on investigating the trade-off be-
tween the minimization of the worst-case cost and the expected-cost measures for decision
trees. More specifically, we addressed the following questions

Q1 Is there an efficient (polynomial) algorithm that builds a decision tree guarantee-
ing simultaneous approximation for both worst-case and expected cost?

Q2 For every instance I, is there a decision tree whose worst-case cost and expected
cost are arbitrarily close, respectively, to the optimal worst-case cost and the opti-
mal expected cost for /?

Note that in the second question we are only concerned with the existence of the
decision tree, regardless whether it can be efficiently constructed or not.

Research Topic 2: Decision trees with value dependent costs. In most decision tree
problems, a usual assumption is that the testing cost is independent of the test’s outcome.
However, there are also several scenarios in medical applications where this assumption
does not apply. Many diagnostic tests actually consist of a multi-stage procedure, e.g., in
a first stage the sample is tested against some reagent to check for the presence or absence
of an antigen. If the antigen level is below a certain threshold the test is considered to be
negative and no further analysis is performed. Otherwise, the test is necessarily followed
by a second stage where several new reagents are used, thus leading to a significantly
higher final test cost. Notice that in such a situation no choice can be made by the decision
tree strategy between the first and the second stage, so one needs to consider such a
two stage procedure as a single test whose cost depends on the outcome. This scenario
motivates the following problem:

Q3 Are there efficient algorithms for building decision trees, with provable approxi-
mation guarantees when the costs of the tests depend on their outputs?

Research Topic 3: Decision trees with bounded number of misclassifications. In the
topics discussed so far we were interested in decision trees that were able to correctly
classify each object. However, in order to avoid data overfitting, it is very usual in classi-
fication tasks to choose a compact decision tree that is allowed to misclassify some of the
objects rather than a more complex one that makes no errors. Therefore, we addressed
the following question:



Q4 Given a non-negative integer £ > 0, are there efficient algorithms for
building decision trees with provable approximation guarantees that make
at most k classification errors?

3. Our Contributions

In this section we explain our contributions for each of the research topics outlined above.

3.1. Results for Research Topic 1

Simultaneous optimization of worst-case cost and expected cost. Our first result is
polynomial algorithm that builds a single decision tree whose worst-case cost and ex-
pected cost are at most O(logn) times larger than the minimum possible worst-case
cost and the minimum possible expected cost, respectively. In fact, this is the first
guarantee for the expected cost that is independent of the values of the probabilities.
Previously, only a O(log 1/pmin) approximation was known [Golovin et al. 2010] and
[Bellala et al. 2012], where p,,,;, is the minimum positive probability among the ob-
jects in S. Moreover, our guarantees are tight for both metrics, that is, unless P =
NP, it is impossible to obtain approximations better than O(logn) for either metric
[Chakaravarthy et al. 2009, Laber and Nogueira 2004]

At a high level, our construction consists of building a root-to-leaf path that splits
the input instance into smaller ones, for which decision trees are recursively constructed
and attached as children of the nodes in the path. Moreover, such a path is obtained
via the combination of approximated solutions for two different submodular optimization
programs.

We shall mention that our approach is related to the one used by Gupta et al.
[Gupta et al. 2010] for obtaining the O(logn) approximation for the expected cost in the
identification problem (a particular case of our problem). However, in addition to solving
a more general problem under two metrics simultaneously, our algorithm is much simpler
than the one presented in [Gupta et al. 2010]. First, it is more transparently linked to the
structure of the problem, which remained somehow hidden in [Gupta et al. 2010] where
the result was obtained via an involved mapping from adaptive TSP. Second, our algo-
rithm avoids expensive computational steps and some non-intuitive/redundant steps that
are used to select the tests for the root-to-leaf path in the tree. In order to achieve these
simplifications we had to prove some non-trivial results such as the Lemma 2 of the thesis
that provides an upper bound on the cost of the root-to-leaf path.

Trade-off between worst-case and expected-case minimization. We completely char-
acterize the trade-off curve between optimizing the worst-case cost and expected cost
mestrics. More precisely, we show that for every p > 0 and every instance [ there ex-
ists a decision tree D with worst-case cost at most (1 + p)OPTy (1) and expected cost

at most (lfi,p) OPTg(I), where OPTy (1) (resp. OPTg(I)) denotes the cost of the
decision tree with minimum worst-case cost (resp. minimum expected cost) for the in-
stance /. Moreover, we also show that this is the best possible trade-off attainable, in the
sense that there are infinitely many instances for which we cannot obtain a decision tree
with both worst-case cost smaller than (1 + p)OPTy (1) and expected cost smaller than

——OPTg(I).
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To obtain the upper bound, we present a general procedure that merges decision
trees built according to different optimization criteria: given a parameter p > 0, a deci-
sion tree Dy, with worst-case cost W and a decision tree Dp with expected cost £, our
merging procedure produces a decision tree D with worst-case cost at most (14 p)WW and
expected cost at most 1_£_p E. The first upper bound follows from a simple analysis of
our procedure. On the other hand, to obtain the latter, we first formulate a max min frac-
tion optimization problem, say (), and we argue that its optimal objective value provides
an upper bound on the expected cost. Then, we show that the optimum value of O can be
obtained via the analysis of a certain linear program (LP). Finally, we guess a solution for

the LP and prove that it is optimal using LP duality.

For the lower bound, we construct a probability distribution based on the optimal
solution of the linear program and use it as a starting point for constructing non-trivial
instances that guarantee that the upper bound is essentially tight. This construction is
arguably the most involved result in the thesis.

3.2. Results for Research Topic 2

We present algorithms for the minimization of the worst-case cost for the generalized
setting where the cost of a test depends of its outcome. We provide a greedy algorithm
and prove that it is an O(log(n))-approximation for the case of binary tests. This bound is
the best possible under the assumption that P # AP. We then present a second algorithm
that attains an O(n) approximation for multiway tests and value-dependent costs.

3.3. Results for Research Topic 3

In the setting where k misclassifications are allowed, we design algorithms with provable
approximations for oblivious decision trees, a class of decision trees where every node in
the same level is associated with the same attribute. Oblivious decision trees have been
studied in the context of feature selection [Kohavi and Li 1995].

We present an algorithm that, given a parameter 0 < € < 1/2, builds an oblivious
decision tree with worst-case cost at most (3/(1 — 2¢)) In(n)OPT(I) and makes at most
(k/e) errors, where OPT(I) and n are, respectively, the optimal worst-case cost and
the number of objects for instance /. Our tree is obtained via a randomized rounding
of a linear program. The logarithmic factor in the cost of the tree is the best possible
attainable, even for & = 0, unless P = NP.

4. Products
The results developed in this thesis were reported in the following papers:

1. Aline M. Saettler, Eduardo S. Laber, Ferdinando Cicalese: Trading off Worst and
Expected Cost in Decision Tree Problems. ISAAC 2015: 223-234; Qualis B1.

2. Ferdinando Cicalese, Eduardo S. Laber, Aline M. Saettler: Diagnosis determina-
tion: decision trees optimizing simultaneously worst and expected testing cost.
Int. Conference on Machine Learning (ICML) 2014: 414-422; Qualis Al.

3. Aline M. Saettler, Eduardo S. Laber, Ferdinando Cicalese: Trading Off Worst and
Expected Cost in Decision Tree Problems. Algorithmica 79(3): 886-908 (2017),
Special issue of ISAAC 2015. This is an extended version of ISAAC paper in-
cluding all proofs and some extra results; Qualis A2.



4. Ferdinando Cicalese, Eduardo S. Laber, Aline M. Saettler: Decision Trees for
Function Evaluation: Simultaneous Optimization of Worst and Expected Cost.
Algorithmica 79(3): 763-796 (2017). The extended version of the ICML paper
including all the proofs; Qualis A2.

5. Aline M. Saettler, Eduardo S. Laber, Ferdinando Cicalese: Approximating de-
cision trees with value dependent testing costs. Inf. Processing Letters (2016);
Qualis A2.

6. Aline M. Saettler, Eduardo S. Laber and Felipe A. M. Pereira. Decision Tree
Classification with Bounded Number of Errors. Inf. Processing Letters (2017).
Qualis A2.

We shall highlight that Paper 1 was the recipient of the Best Paper Award of the
ISAAC conference, out of 180 submissions. ISAAC is a traditional conference in the area
of Algorithms which is currently in its 28th edition.

We shall also mention that ICML, the conference where Paper 2 was published, is
the premier machine learning conference, arguably one of the ‘hottest’ fields in Computer
Science nowadays. Moreover, in 2014, there were two cycles of acceptance and the paper
was one of the 85, out of 577 submitted, that was accepted in the first cycle.
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