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Abstract. Drones in last-mile delivery introduce challenges in airspace man-
agement, collision avoidance, and route optimization. This MSc dissertation
models the shared airspace as a time-expanded graph and formulates the Last-
Mile Delivery Drone (LMDD) problem as a Multi-Agent Path Finding (MAPF)
instance, solved exactly by a multi-commodity-flow Mixed-Integer Linear Pro-
gram and, at scale, by a prioritized breadth-first heuristic running inO(P 1.5K)
for P cells and K drones. Virtual per-drone source and sink vertices make vari-
able take-off times, zero-cost loitering, and synchronized landings first-class in
the flow model, and priority insertion supports emergency re-tasking at O(1)
cost. The dissertation produced a Computers & Operations Research paper; its
edge-centric methodology subsequently led to graph neural networks for flight-
delay prediction (Physica A) and to a spectral edge-centrality theory for di-
rected networks (under review).
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1. Introduction
The proliferation of UAVs in urban logistics raises a critical operational question: how
can a centralized authority route hundreds of drones through shared low-altitude airspace
without collisions, in polynomial time, while keeping total flight distance near-optimal?
The dissertation answers it with a centralized MAPF-based framework that embeds colli-
sion avoidance and dynamic scheduling directly into the planning stage, and that pairs an
exact method with a scalable one so that the same graph model serves both as a correct-
ness benchmark and as a deployable planner. Its contributions are:

1. LMDD-MAPF formulation. A time-expanded graph model in which variable take-
off times, in-air loitering, and synchronized landings are expressed directly by the
graph topology, through virtual per-drone source and sink vertices, rather than by aux-
iliary constraints.

2. Exact MILP method. A multi-commodity integer-flow formulation over the time-
expanded graph that returns collision-free, displacement-optimal plans for a given
horizon, solved with Gurobi/JuMP and used as an exact benchmark (Section 3.3).

3. Scalable prioritized-BFS heuristic. A constraint-aware breadth-first planner with
hash-basedO(1) conflict checks, running inO(P 1.5K) time, which enables replanning
for fleets of hundreds of drones (Section 3.4).

4. Hybrid time-horizon refinement. A binary-search procedure that exploits mono-
tonicity of feasibility in the horizon to locate the minimal feasible makespan with
O(log Th) MILP solves, warm-started from heuristic plans (Section 3.5).

5. Dynamic reprioritization. Emergency insertion at the head of the planning queue
in O(1), demonstrated on a wildfire case study, with no replanning cost for already
scheduled aircraft (Section 3.6).

6. Open-source release. Source code (C++ and Julia) and datasets are publicly available
at https://github.com/JorgeLuizFranco/CentralizedLMDD.

Section 4.3 states explicitly what is and is not established by the evidence reported
here.

2. Related Work and Positioning
MAPF. Multi-Agent Path Finding is a core problem in Artificial Intelligence, at the
intersection of automated planning, multiagent systems, and heuristic search; Stern et
al. [Stern et al. 2019] standardize its variants, benchmarks, and—importantly for this
work—its taxonomy of conflict types. The problem is computationally hard: it is NP-hard
on directed graphs [Nebel 2020], and fine-grained analyses map the tractability frontier
even on 2D grids [Geft 2023]. Three solution families are relevant here. Reduction-based
methods encode MAPF as an integer program or network flow, an approach introduced by
Yu and LaValle [Yu and LaValle 2014] and surveyed in [Surynek 2022]; the MILP used in
this dissertation belongs to this family. Optimal search methods, notably Conflict-Based
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Search [Sharon et al. 2015] and branch-and-cut-and-price [Lam et al. 2019], define the
current state of the art for optimal solving. Prioritized planning orders the agents and
plans them sequentially against previously fixed plans [Čáp et al. 2015, Ma et al. 2019];
it is fast and simple but incomplete in general.

Drone routing. The LMDD literature addresses routing cost and truck–drone coordina-
tion [Dukkanci et al. 2023] but largely treats collision avoidance as a downstream concern
rather than a modeling constraint. Market-based decentralized allocation of airspace per-
mits [Verri et al. 2020] achieves emergent stability but relies on simplified agent behavior
and faces regulatory compliance difficulties. MAPF has been applied to drone–truck co-
ordination over road networks [Choudhury et al. 2022], confirming the fit between the
two problems.

Positioning of this work. We state the relationship to the above explicitly. Time-
expanded networks, flow/ILP encodings, and prioritized planning are all established
MAPF machinery, and the heuristic proposed here belongs squarely to the prioritized
planning family. The dissertation’s contribution is therefore not a new search paradigm,
but the domain formulation and the exact/scalable pairing built on it: (i) virtual per-drone
source and sink vertices that turn asynchronous take-off and synchronized landing into
topology rather than side constraints; (ii) zero-cost loitering self-loops that make waiting
a first-class action; (iii) O(1) priority insertion for emergency re-tasking; and (iv) the hy-
brid scheme in which the heuristic’s makespan bounds and warm-starts the exact solver.
What is offered to practitioners is a single graph model in which an operator can choose
optimality at exponential cost or near-optimality at polynomial cost.

3. Methodology
3.1. Notation and Problem Formalization
The airspace is discretized into an N ×M grid of cells; let P = NM be the number of
cells. A fleet R = {1, . . . , K} of K drones must each travel from a start cell to a goal
cell. The planning graph is a digraph G = (V ,A) whose vertices V = S∪B∪E comprise
the physical cells S, the virtual sources B = {bk}k∈R (launch pads) and the virtual sinks
E = {ek}k∈R (landing pads); arcs A encode admissible one-step transitions, including a
self-loop (i → i) at every cell that models loitering in place. Only drone k may leave bk
or enter ek, so boundary conditions need no per-drone side constraints (Figure 2a).

Time is discretized into T steps. The time-expanded graph GT = (VT , ET )
replicates each vertex at each t ∈ {0, . . . , T} and connects (i, t) to (j, t+1) whenever
(i, j) ∈ A (Figure 2b). The binary decision variable xk

i,j,t = 1 iff drone k traverses arc
(i, j) at step t. A plan is a multi-commodity integer flow on GT , one commodity per drone
(Figure 1a), minimizing total displacement:

min
∑
k∈R

T∑
t=1

∑
(i,j)∈A
j /∈B∪E

xk
i,j,t, (1)

subject to the constraints of Section 3.2.

Two points deserve emphasis, since the objective is stated as a count of arcs. First,
every grid arc represents a move between adjacent cells of equal length, so under this



uniform-cost metric minimizing the number of traversed movement arcs is minimizing
total flown distance; non-uniform arc costs cij would be accommodated by weighting
xk
i,j,t in Eq. (1), which was not explored. Second, loitering self-loops and the virtual arcs

incident to B and E are excluded from the sum and thus carry zero cost: waiting in place
is free and only actual displacement is penalized. This is deliberate—holding an aircraft
costs no distance—but it means the objective does not by itself discourage long missions,
which is the role of the horizon T .

Basic Multi-agent Path Planning Problem 

Input:  
𝐺 ≔ 𝑉, 𝐸 , 𝐴 ≔ {𝑎1, … , 𝑎𝑛},  𝑥𝐼 , 𝑥𝐺:  𝐴 → 𝑉 
 

Output:  
𝑃 ≔ {𝑝1, … , 𝑝𝑛},  𝑝𝑖: ℤ

+ → 𝑉, that takes the agents from 
𝑥𝐼 𝐴  to 𝑥𝐺(𝐴), free of collision. 

Time Optimal Multi-agent Path Planning on Graphs* 
Jingjin Yu and Steven M. LaValle 
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Types of Collisions 

1 2 1 2 

“Meet” collision 
(collision on a vertex) 

“Head-on” collision 
(collision on an edge) 

Time Optimal Multi-agent Path Planning 

Given a path 𝑝𝑖: ℤ
+ → 𝑉, let 𝑡𝑖 be the smallest such that 

𝑝𝑖 𝑡𝑖 ≡ 𝑝𝑖 𝑡  for all 𝑡 ≥ 𝑡𝑖. Recall that 𝑃 ≔ {𝑝1, … , 𝑝𝑛}. 
We want to find 

 

𝑇𝑚𝑖𝑛 ≔ min
𝑃
max
1≤𝑖≤𝑛
𝑡𝑖 , 

 

and a path set 𝑃 that yields 𝑇𝑚𝑖𝑛. The problem is NP-hard. 

Discrete (grid/graph):  
Wilson 1974, Goldreich 1984, Kornhauser, Miller, and Spirakis 1984, Ratner and 
Warmuth 1990, Silver 2006, Jansen and Sturtevant 2008, Ryan 2008, Standley 2010, 
Surynek 2010, Luna and Bekris 2011, Wang and Botea 2011 

 

Continuous:  
Erdmann and Lozano-Pérez 1986, Kant and Zucker 1986, O’Donnell and Lozano-Pérez 
1989, Švestka and Overmars 1998, LaValle 1995, Peng and Akella 2002, Simeon, Leroy, 
and Laumond 2002, Guo and Parker 2003, Ghrist, O’Kane, and LaValle 2004, van den 
Berg and Overmars 2005, Peasgood, Clark  and McPhee 2008, van den Berg et.al. 2009 
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Theorem: Fixing a natural number 𝑇, the multi-agent 
path planning problem admits a solution with at most 𝑇 
time steps if and only if the time-expanded network with 
𝑇 periods admits a max flow of 𝑛 (the number of agents).  
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Pick an initial 𝑇 
Build the time- 
expanded network  

Setup the ILP model  

Run an ILP optimizer  𝑥𝑖,𝑖
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No       𝑇 = 𝑇 + 1 
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Return the path set 

The algorithm is complete since 𝑇 can be upper bounded. 

A Motivating Example 

9 4 

6 

8 

7 5 

3 2 

1 

4 1 

8 

9 

6 5 

2 7 

3 

4 1 

9 

7 

8 6 

5 2 

3 

1 2 

7 

4 

9 6 

5 8 

3 1 2 

7 

4 

8 9 

6 5 

3 

Time Optimal Multi-agent Path Planning 

1. An equivalence between multi-agent path planning and 
multi-commodity network flow.  

2. An integer linear programming (ILP) model for finding time 
optimal solutions to the multi-agent path planning 
problem. 

3. Computational applications of the ILP model 

 As a complete algorithm; 

 As a heuristic for solving larger problems. 

Main Results 

Related Work 

Multi-agent Path Planning and Network Flow 

In a basic network flow 
problem, we want to find 
edge disjoint paths for 
transferring commodities. 
Maximum flow algorithms 
can efficiently solve this 
problem. 

L. R. Ford and D. R. Fulkerson. Maximal flow through a network. Research Memorandum RM-1400, The RAND 
Corporation,  1954. 

The Basic Network Flow Problem 

Network Flow Over Time 

Basic network flow problems do not consider 𝑡𝑖𝑚𝑒. It is 
possible to introduce a set of costs on the edges to 
represent transfer time (left). These problems are called 
network flow over time and they can be solved using 
standard network flow problem over the  𝑡𝑖𝑚𝑒-𝑒𝑥𝑝𝑎𝑛𝑑𝑒𝑑 
𝑛𝑒𝑡𝑤𝑜𝑟𝑘 (right). 

The time expansion technique, however, does not handle 
collisions by default. For the two types of collisions, extra 
efforts are required to prevent them from happening. These 
constructs are given below.  
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Equivalence Between Multi-agent Path Planning 
and Network Flow 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 { 

The Integer Linear Programming Model 

𝑥𝑖,𝑗 = 1 → 𝑒𝑗  used by 𝑎𝑖  

The Model 

Computational Applications 

As a Complete Algorithm 
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𝒏𝟐 
Average running 

time 
Average # 
of steps 

Number of 
states 

Branching 
factor 

9 10 seconds 4 105 13 

16 2 minutes 6 1013 >  500 

25 3 hours 8 1025 > 104 

36 > 24 hours ? 1041 > 106 

All computation were carried out on an Intel Q6600  PC with 8GB memory using the Gurobi optimizer. 

General Path Planning 
20 x 15 grid, 5 runs each. Vertices are removed to simulate obstacles. 

% obs 
Number of agents 

10 20 30 40 

0 36.2 (20.6) 64.8 (23.6) 229 (26.8) 259 (24.0) 

10 31.3 (26.0) 81.9 (26.6) 157 (26.0) 246 (25.6) 

20 25.9 (26.4) 57.5 (24.8) 151 (27.0) 539 (29.6) 

30 20.2 (28.6) 141 (34.2) 368 (33.0) 1368 (32.7) 

40 27.4 (35.0) 572 (42.4) N/A N/A 

As a Heuristic for Large Problem Instances 

Plan individual  
paths  

Follow these paths  
whenever possible 

Detect local  
conflicts 

Resolve conflicts with 
the base algorithm 

All Done? 

No 

Yes 
Return the path set 

All Done? 

No 

Yes 

32 x 32 grid, 20% obstacles, 100 runs each, 10 seconds cutoff. Local problem size  
≤ 8 x 8. Program coded in Java. 

Number of agents 

25 50 75 100 125 

Running time (s) 0.038 0.225 0.732 1.944 4.935 

% goals reached 100.0 99.95 99.78 98.84 98.47 

Ave. path length 24.61 24.84 25.03 25.52 26.26 

Heu. path length 24.6 24.67 24.56 24.60 24.51 

% length difference 0.05 0.69 1.91 3.74 7.14 

 

Conclusion and Future Directions 

Fast computers Better ILP solvers 

Optimal multi-agent  
path planning 

Network flow methods 

Faster algorithms Different optimality  
objectives 

Better heuristic for  
multi-agent path planning 

(a) MAPF as a multi-commodity flow.

Routing 3 drones in shared space

Im
pl

ic
it 

lo
op

s
(b) Worst-case path scenario.

Figure 1. (a) Equivalence between a MAPF instance (left) and a multi-commodity
flow on the time-expanded graph (right): u, v are cells, s+k and s−k the source
and sink of commodity k, and each coloured path is the flow of one drone
across time layers 0, 1, 1′, . . . (b) Worst case used in the complexity analysis:
K drones share start cells si and goal cells gi on an N ×M grid, so plans
serialize and the horizon grows as K(N +M).

(a) Spatial topology.

Basic Multi-agent Path Planning Problem 

Input:  
𝐺 ≔ 𝑉, 𝐸 , 𝐴 ≔ {𝑎1, … , 𝑎𝑛},  𝑥𝐼 , 𝑥𝐺:  𝐴 → 𝑉 
 

Output:  
𝑃 ≔ {𝑝1, … , 𝑝𝑛},  𝑝𝑖: ℤ

+ → 𝑉, that takes the agents from 
𝑥𝐼 𝐴  to 𝑥𝐺(𝐴), free of collision. 
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Time Optimal Multi-agent Path Planning 

Given a path 𝑝𝑖: ℤ
+ → 𝑉, let 𝑡𝑖 be the smallest such that 

𝑝𝑖 𝑡𝑖 ≡ 𝑝𝑖 𝑡  for all 𝑡 ≥ 𝑡𝑖. Recall that 𝑃 ≔ {𝑝1, … , 𝑝𝑛}. 
We want to find 

 

𝑇𝑚𝑖𝑛 ≔ min
𝑃
max
1≤𝑖≤𝑛
𝑡𝑖 , 

 

and a path set 𝑃 that yields 𝑇𝑚𝑖𝑛. The problem is NP-hard. 

Discrete (grid/graph):  
Wilson 1974, Goldreich 1984, Kornhauser, Miller, and Spirakis 1984, Ratner and 
Warmuth 1990, Silver 2006, Jansen and Sturtevant 2008, Ryan 2008, Standley 2010, 
Surynek 2010, Luna and Bekris 2011, Wang and Botea 2011 

 

Continuous:  
Erdmann and Lozano-Pérez 1986, Kant and Zucker 1986, O’Donnell and Lozano-Pérez 
1989, Švestka and Overmars 1998, LaValle 1995, Peng and Akella 2002, Simeon, Leroy, 
and Laumond 2002, Guo and Parker 2003, Ghrist, O’Kane, and LaValle 2004, van den 
Berg and Overmars 2005, Peasgood, Clark  and McPhee 2008, van den Berg et.al. 2009 
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Theorem: Fixing a natural number 𝑇, the multi-agent 
path planning problem admits a solution with at most 𝑇 
time steps if and only if the time-expanded network with 
𝑇 periods admits a max flow of 𝑛 (the number of agents).  
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Time Optimal Multi-agent Path Planning 

1. An equivalence between multi-agent path planning and 
multi-commodity network flow.  

2. An integer linear programming (ILP) model for finding time 
optimal solutions to the multi-agent path planning 
problem. 

3. Computational applications of the ILP model 

 As a complete algorithm; 

 As a heuristic for solving larger problems. 

Main Results 

Related Work 

Multi-agent Path Planning and Network Flow 

In a basic network flow 
problem, we want to find 
edge disjoint paths for 
transferring commodities. 
Maximum flow algorithms 
can efficiently solve this 
problem. 

L. R. Ford and D. R. Fulkerson. Maximal flow through a network. Research Memorandum RM-1400, The RAND 
Corporation,  1954. 

The Basic Network Flow Problem 

Network Flow Over Time 

Basic network flow problems do not consider 𝑡𝑖𝑚𝑒. It is 
possible to introduce a set of costs on the edges to 
represent transfer time (left). These problems are called 
network flow over time and they can be solved using 
standard network flow problem over the  𝑡𝑖𝑚𝑒-𝑒𝑥𝑝𝑎𝑛𝑑𝑒𝑑 
𝑛𝑒𝑡𝑤𝑜𝑟𝑘 (right). 

The time expansion technique, however, does not handle 
collisions by default. For the two types of collisions, extra 
efforts are required to prevent them from happening. These 
constructs are given below.  
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time 
Average # 
of steps 

Number of 
states 

Branching 
factor 

9 10 seconds 4 105 13 

16 2 minutes 6 1013 >  500 

25 3 hours 8 1025 > 104 

36 > 24 hours ? 1041 > 106 

All computation were carried out on an Intel Q6600  PC with 8GB memory using the Gurobi optimizer. 

General Path Planning 
20 x 15 grid, 5 runs each. Vertices are removed to simulate obstacles. 

% obs 
Number of agents 

10 20 30 40 

0 36.2 (20.6) 64.8 (23.6) 229 (26.8) 259 (24.0) 

10 31.3 (26.0) 81.9 (26.6) 157 (26.0) 246 (25.6) 

20 25.9 (26.4) 57.5 (24.8) 151 (27.0) 539 (29.6) 

30 20.2 (28.6) 141 (34.2) 368 (33.0) 1368 (32.7) 

40 27.4 (35.0) 572 (42.4) N/A N/A 

As a Heuristic for Large Problem Instances 

Plan individual  
paths  

Follow these paths  
whenever possible 

Detect local  
conflicts 

Resolve conflicts with 
the base algorithm 

All Done? 

No 

Yes 
Return the path set 

All Done? 

No 

Yes 

32 x 32 grid, 20% obstacles, 100 runs each, 10 seconds cutoff. Local problem size  
≤ 8 x 8. Program coded in Java. 

Number of agents 

25 50 75 100 125 

Running time (s) 0.038 0.225 0.732 1.944 4.935 

% goals reached 100.0 99.95 99.78 98.84 98.47 

Ave. path length 24.61 24.84 25.03 25.52 26.26 

Heu. path length 24.6 24.67 24.56 24.60 24.51 

% length difference 0.05 0.69 1.91 3.74 7.14 
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Optimal multi-agent  
path planning 

Network flow methods 

Faster algorithms Different optimality  
objectives 
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(b) Time-expanded graph GT .

Figure 2. (a) Planning graph: the dotted box encloses the physical cells S, while
bk and ek are the virtual source and sink of drone k placed outside it; every
cell carries an implicit self-loop for loitering. (b) Time expansion: each
vertex is replicated at t = 0, 1, . . . , T and arcs connect consecutive layers,
so a drone’s plan is a path through the layers and mutual exclusion is a
per-layer constraint.



3.2. Constraints

Each drone leaves its own source exactly once, which is what turns the take-off instant
into a decision rather than a fixed input:

T∑
t=1

∑
j∈S

xk
bk,j,t

= 1, ∀k ∈ R. (2)

Flow is conserved at every vertex and step, so each commodity traces a connected path
across the time layers:∑

i∈V

xk
i,j,t−1 =

∑
l∈V

xk
j,l,t, ∀k ∈ R, ∀j ∈ V , t = 1, . . . , T. (3)

The initial condition places each drone on its own launch pad, xk
bk,bk,0

= 1 and xk
i,j,0 = 0

for every (i, j) ̸= (bk, bk). Mutual exclusion admits at most one drone per cell per step:∑
k∈R

∑
i∈V

xk
i,j,t ≤ 1, ∀j ∈ V , t = 1, . . . , T. (4)

Finally, every drone must land at its own sink:

T∑
t=1

∑
i∈S

xk
i,ek,t
≥ 1, ∀k ∈ R. (5)

Temporal feasibility follows from conservation over the finite horizon, and self-loops at
bk and ek absorb pre-launch holding and post-landing idling at zero cost.

Eq. (4) is what enforces safety, and its reach deserves precision: it forbids vertex
conflicts, but not swap conflicts, in which two drones exchange cells along the same arc
in the same step. Excluding those requires the family xk

i,j,t + xk′
j,i,t ≤ 1 (Section 4.3).

3.3. Exact MILP Method and its Cost

The formulation above is solved exactly for a fixed horizon T . Its size grows asO(KPT )
binary variables. Estimating the solve cost as interior-point work on the linear relax-
ation, O((KPT )3.5) [Huhn and Borgwardt 2002], compounded with branch-and-bound
over the binaries, O(2KPT ) [Nemhauser and Wolsey 1988], and substituting the worst-
case horizon T = O(K(N + M)) = O(K

√
P ) implied by Figure 1b, the worst-case

effort of the procedure is

O
(
K7P 5.25 2K

2P
√
P
)
. (6)

Eq. (6) is an upper bound on the effort of the solution procedure adopted here—O(·)
is used in its standard sense—and it characterizes solver cost rather than the intrinsic
complexity of LMDD, which inherits NP-hardness from MAPF [Nebel 2020]. The oper-
ationally relevant content of Eq. (6) is the exponential factor: it is what makes the exact
method a benchmark rather than a deployable planner, and what motivates the heuristic.



3.4. Prioritized-BFS Heuristic

Algorithm 1 plans drones sequentially in ascending order of the priority key πd, the Eu-
clidean distance between start and goal, so that short missions are committed first. For
each drone a breadth-first search expands the time-expanded graph subject to the reserva-
tions S already committed by higher-priority drones, which are stored in a hash map so
that the validity test costs O(1) per expansion. Because a BFS over the cells visits O(P )
states with path lengthO(

√
P ) and each of the K drones is planned once, the total cost is

O(P 1.5K): linear in fleet size. Figure 3 traces the procedure, including a delayed take-off
caused by an occupied launch cell.

The predicate VALID in line 8 is what enforces safety, and we make its content
explicit. It holds when w is inside the grid and not a static obstacle, and when the reser-
vation (w, t+1) is free—that is, it forbids vertex conflicts in the taxonomy of Stern et
al. [Stern et al. 2019]. It does not forbid swap (head-on) conflicts, in which two drones
exchange cells across the same arc in the same step; Section 4.3 states the consequence
and the remedy.
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failed takeoff

arrival
landed

landed

path found

landed

t = 1

t = 2

t = 3

t = 4

t = 5

t = 6

Figure 3. Algorithm visualization: routing a drone (orange) around scheduled
routes (green, blue, brown). Steps t = 1 to t = 6 show conflict resolution
and takeoff delay.



Algorithm 1 Priority-Driven BFS Path Planner for LMDD

1: Input: graph G, fleet D; reservations S ← ∅
2: Sort D by πd =

√
(xs

d − xg
d)

2 + (ysd − ygd)
2

3: for each drone d in sorted order do
4: Initialize BFS queue with (sd, tbegin)
5: while queue not empty do
6: Dequeue (v, t)
7: if v = gd then reconstruct Pd; S ← S ∪ Pd; break
8: end if
9: for each neighbor w ∈ N (v) (including w = v, i.e. loiter) do

10: if VALID(w, t+1) then ▷ w in grid, not an obstacle, and (w, t+1) /∈ S
11: Enqueue (w, t+ 1)
12: end if
13: end for
14: end while
15: end for
16: return {Pd}d∈D

3.5. Hybrid Time-Horizon Refinement
Eq. (1) minimizes displacement for a given horizon T ; it does not minimize the makespan,
and the two objectives are distinct. The minimal feasible horizon is recovered by a sep-
arate outer procedure. Feasibility in T is monotone—any plan valid for T remains valid
for T +1, since each drone may loiter for one extra step at zero cost—so the predicate “an
instance is feasible within T ” switches once over [1, Th]. Taking the heuristic makespan
Th as an upper bound and warm-starting each solve from the heuristic plan, binary search
locates the minimal feasible T ⋆ inO(log Th) MILP solves; the displacement-optimal plan
at T ⋆ is then the output. This refinement is a design contribution of the dissertation; as
recorded in its own limitations chapter, it was not evaluated empirically, and measuring
how much it saves over solving at Th directly remains open.

3.6. Dynamic Reprioritization: Wildfire Case Study
A fleet is actively routing when a fire alarm is raised at time t∗. The scheduler inserts
a firefighting drone at the head of the priority queue in O(1) and plans its path against
the existing reservations, which are left untouched: incumbent deliveries incur zero re-
planning cost. The trade-off deserves to be named precisely. This is priority insertion for
planning order, not a full reprioritization of the fleet: because committed trajectories are
held fixed, the emergency aircraft is routed around them and may take a longer path than
it would if lower-priority drones were replanned. Full reprioritization—preempting and
replanning incumbents to clear a corridor—would yield shorter emergency paths at the
cost of recomputation proportional to the number of affected drones, and is the natural
next step for time-critical missions.

4. Relevant Results
4.1. Experimental Setup
Experiments ran on an Intel Core i7-7700 @ 3.60 GHz / 16 GB RAM machine.
The heuristic was implemented in C++ and the MILP in Julia with JuMP and



Gurobi [Lubin et al. 2023]. For each K ∈ {1, . . . , 64}, 20 randomized instances were
generated on a 6 × 6 grid; for the high-density study, populations up to K = 99 were
tested with 30 samples each, all on the same grid.

4.2. Solution Quality and Computational Efficiency
For K = 1 both methods produce identical paths. As K grows the heuristic exhibits mild
suboptimality, but median path lengths remain close to the exact optimum across all densi-
ties tested (Figure 4). At K = 64 the heuristic runs more than 300× faster than the MILP
(milliseconds versus minutes). Figure 5 extends the heuristic to extreme saturation—99
drones in 36 cells—where routing time grows linearly in K and the normalized distance
shows the congestion transition.
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Figure 4. MILP (exact) versus prioritized-BFS (heuristic) on the 6 × 6 grid, as a
function of the number of drones K.
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Figure 5. Heuristic behaviour up to extreme congestion (up to K = 99 drones in
P = 36 cells), 30 random instances per fleet size.

4.3. Limitations and Scope of the Claims
We state the boundaries of the evidence deliberately, since several of them point directly
at the next stage of this research programme.

1. Completeness. Prioritized planning is incomplete: a particular priority order may
leave some drone without a path even when a joint solution exists [Čáp et al. 2015].



The heuristic inherits this, and no completeness guarantee is claimed. Orderings with
completeness guarantees under structural assumptions [Ma et al. 2019] are a concrete
remedy.

2. Optimality. The heuristic is near-optimal empirically, on the instances reported; no
approximation ratio is proven, and the term should be read as an experimental obser-
vation rather than a guarantee.

3. Benchmarking scope. The heuristic is compared against our own exact MILP,
which establishes the optimality gap but not competitiveness against the MAPF state
of the art. A comparison with CBS [Sharon et al. 2015] and branch-and-cut-and-
price [Lam et al. 2019] on standard benchmarks [Stern et al. 2019] is the most valu-
able experiment still missing.

4. Instance diversity. All experiments use a single 6 × 6 grid and vary only K, so the
scalability evidence is about fleet density, not about map size, topology, or obstacle
density. The extension to 3D is structural—each vertex simply gains two neighbours
and the scheduling logic is unchanged—and was not evaluated empirically.

5. Conflict types. As noted in Section 3.4, the mutual exclusion constraint forbids vertex
conflicts but not swap conflicts. Ruling them out requires adding xk

i,j,t + xk′
j,i,t ≤ 1

for all k ̸= k′, (i, j) ∈ A and t—O(K2|A|T ) extra constraints—and, in the heuristic,
extending VALID to reject a move whose reverse is reserved in the same step, at O(1)
using the same hash map. Neither was active in the version evaluated here.

6. Untested refinement. The binary-search horizon refinement of Section 3.5 is argued
from monotonicity but not measured.

4.4. Publications and Software
Table 1 summarizes the outputs, distinguishing the publication that reports the disserta-
tion’s own results from later works that build on its methodology. All software is open
source.

Table 1. Publications and software. Only the first paper reports results contained
in the dissertation; the other two are subsequent developments.

Venue Relation Status Qualis/JCR Cit.a

Computers & Oper. Res. Dissertation core Published 2025 A1 / Q1 18
Physica A Subsequent work Published 2026 A1 / Q1 10
arXiv:2602.15736 Subsequent work Under reviewb — —

Software Language Year Description

CentralizedLMDD C++/Julia 2025 MILP + BFS heuristic for LMDD-MAPF
airnet-holding-ml Python 2026 Graph ML for holding prediction
svd-centrality Python 2026 SVD/Hodge spectral centrality
a Google Scholar, September 2026. b Submitted to Physical Review E; not yet accepted, and therefore

reported without a quality stratum.

Core publication [Franco et al. 2025]. An exact method and a heuristic for last-mile
delivery drones routing with centralized graph-based airspace control, Computers & Op-
erations Research 178:107006, 2025 (https://doi.org/10.1016/j.cor.20
25.107006). This paper reports the dissertation’s own contribution: the LMDD-MAPF
formulation, the MILP, theO(P 1.5K) heuristic, the complexity analysis, and the compar-
ative study of Section 4.

https://doi.org/10.1016/j.cor.2025.107006
https://doi.org/10.1016/j.cor.2025.107006


Subsequent work [Franco et al. 2026a]. Graph machine learning for flight delay pre-
diction due to holding maneuver, Physica A 685:131318, 2026 (https://doi.org/
10.1016/j.physa.2026.131318). This work follows the research agenda set
out in the dissertation’s future-work chapter, which called for graph neural networks and
for robustness to stochastic delays. It carries the edge-centric modeling decision into a
different airspace problem: where the dissertation treats in-air waiting as loitering arcs in
a temporal graph, this paper models the Brazilian air-transportation network as a directed
multigraph—airports as nodes, flights as edges—and predicts holding as an edge feature,
over 42,336 operations from an ICEA/ITA dataset. CatBoost with graph-theoretic fea-
tures outperforms Graph Attention Networks on the 1.7%-positive class (accuracy 0.90,
recall 0.58). The GAT itself is generalized to carry edge features and to separate multi-
edges, so that each individual flight between two airports earns its own attention coeffi-
cient (Figure 6): two flights sharing endpoints but differing in weather or runway con-
ditions contribute differently—the same edge-level granularity the time-expanded model
gives individual drone moves.

Subsequent work [Franco et al. 2026b]. SVD incidence centrality: a unified spec-
tral framework for node and edge analysis in directed networks and hypergraphs,
arXiv:2602.15736, under review at Physical Review E. It generalizes the same edge-
centric view into a spectral theory, and its motivation cites the holding study as evidence
that edge-centric measures matter in prediction. Vertex and edge centralities are read from
the diagonals of the pseudoinverses of the Hodge Laplacians L0 = BB⊤ and L1 = B⊤B
of the oriented incidence matrix B, which share the spectrum of B’s singular values. On
undirected graphs this reproduces current-flow closeness; on directed graphs the equiv-
alence breaks precisely where symmetrization would destroy information, and direction
is recovered by aggregating edge scores into hub and authority rankings. The Hodge de-
composition splits edge space into gradient and cyclic flows—the very space in which the
dissertation’s MILP routes drones as integer edge flows (Figure 7).

The thread. Across the three, the decisive information lives on the edges: routes are
edge flows, holding events are edge features, and centrality is computed for edges directly.
Only the first is a result of the dissertation; the other two show where its methodology led.

5. Broader Impact

The framework addresses a bottleneck for operators such as iFood and Amazon Prime Air,
and aligns with the FAA’s UTM concept, which presumes organized airspace manage-
ment [Prevot et al. 2016]. The same planner serves hub location-routing, green vehicle
routing and relief logistics: only the topology changes.

6. Conclusions

The dissertation presents a centralized framework for LMDD routing that avoids vertex
conflicts by construction, pairing an exact MILP benchmark with a prioritized-BFS plan-
ner more than two orders of magnitude faster at K = 64: optimality at exponential cost,
or empirically near-optimal plans at polynomial cost, within a single graph model that
also supports asynchronous take-off, free loitering and O(1) emergency insertion.

https://doi.org/10.1016/j.physa.2026.131318
https://doi.org/10.1016/j.physa.2026.131318
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Figure 6. GAT layer with multi-head attention on the airport multigraph, with
separate coefficients for three flights between São Paulo (SP) and Rio de
Janeiro (RJ) [Franco et al. 2026a].

Figure 7. SVD edge incidence centrality of the OpenFlights network (3,188
airports, 36,860 directed routes) at real geographic coordinates; the
brightest segments are the spectrally dominant corridors of global avia-
tion [Franco et al. 2026b].
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