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Abstract. Neural networks have gained significant attention in recent years
since the development of deep learning. Vector-valued neural networks (V-nets),
including hypercomplex-valued neural networks, are appropriate for processing
multidimensional data, such as images or hyperspectral imaging. In this arti-
cle, we present the mathematical foundation for the development of V-nets. We
implement and apply these models for a color image classification task, specifi-
cally for detecting acute lymphoblastic leukemia in blood smear images.

1. Introduction

In recent years, machine learning has influenced how we solve various real-world prob-
lems [Géron 2019, Goodfellow et al. 2016]. Indeed, neural networks (NNs) have sur-
passed many other state-of-the-art approaches in many applications with the development
of deep learning (DL). Deep neural networks (DNNs) have become popular partially
due to a significant increase in computational power in recent decades. Convolutional
neural networks (CNNs) are examples of DNNs applied in image and signal processing
[Lecun et al. 2015]. CNNs have a particular type of operation based on the convolution
of filters, which are well-adapted to learn and represent local patterns. Thus, CNNs are
frequently used as the basis of modern image processing and pattern recognition mod-
els. This paper illustrates the application of CNN models for the diagnosis of acute
lymphoblastic leukemia [Muhammad et al. 2025, Claro et al. 2020]. Precisely, the CNN
models are applied for differentiating healthy white blood cells from lymphoblastic cells
in blood smear images [Vogado et al. 2018, Granero et al. 2021, Vieira and Valle 2022b].

This article considers vector-valued neural networks (V-nets), which resemble
traditional neural networks but with arithmetic operations defined in non-associative
algebras, that is, a vector space equipped with a multiplication [Schafer 1961]. Un-
like traditional neural networks, V-nets use vectors instead of real numbers to rep-
resent inputs, outputs, and synaptic weights [Valle 2024]. Therefore, V-Nets can
process multidimensional data such as color or hyperspectral images. Furthermore,
V-nets include hypercomplex-valued NNs [Comminiello et al. 2024], such as NNs
based on Clifford Algebra [Buchholz and Sommer 2001, Buchholz and Sommer 2008,
Bayro-Corrochano et al. 2005]. Consequently, V-Nets can benefit from the algebra on
which it is based. Many works demonstrate the advantages of V-Nets, specifically hy-
percomplex networks, over equivalent real-valued models, especially in problems involv-
ing many channels, such as image processing [Breuils et al. 2022, Parcollet et al. 2020,
Vieira and Valle 2022a]. Recent works also show that hypercomplex networks stand out



at reducing computational complexity while offering similar or equal performance as real-
valued networks [Grassucci et al. 2023, Grassucci et al. 2022, Vieira and Valle 2022b].

The paper is organized as follows. The next section reviews mathematical con-
cepts, focusing on non-associative and hypercomplex algebras. Section 3 addresses
vector-valued matrix computations, while Section 4 demonstrates the implementation of
vector-valued dense and convolutional layers using the keras deep learning library. In
Section 5, we present vector-valued CNNs and their application to the image classifica-
tion problem of diagnosing acute lymphoblastic leukemia. The paper concludes with final
remarks in Section 6.

2. Non-Associative Algebras
A non-associative algebra is a vector space enriched with a multiplication of vectors
[Schafer 1961]. Formally, a non-associative algebra V is a vector space over a field F
with an additional bilinear operation called multiplication or product, which is not neces-
sarily associative. As a bilinear operation, the multiplication of x, y ∈ V, denoted by xy
satisfies

(x+ y)z = x+ yz, z(x+ y) = zx+ zy, ∀x, y, z ∈ V
and α(xy) = (αx)y = x(αy), ∀α ∈ F and ∀x, y ∈ V.

(1)

To implement these operations on computers, we simplify by considering F = R. Addi-
tionally, we will only consider finite-dimensional vector spaces.

Given an ordered basis E = {e1, . . . , en} on V and x ∈ V, there exists a unique
tuple (x1, . . . , xn) ∈ Rn such that

x =
n∑

i=1

xiei (2)

where x1, . . . xn are the coordinates of x with respect to the ordered basis E . Despite
equivalent, we can distinguish V from Rn by introducing the map φ : V → Rn given by

φ(x) =

x1...
xn

 ∈ Rn, ∀x ∈ V. (3)

The mapping φ is an isomorphism between V and Rn. As a result, V inherits the topology
and metric from Rn.

The multiplication in V is completely characterized by the product between the
elements of the basis E = {e1, . . . , en}. Precisely, let

eiej =
n∑

k=1

pijkek, ∀i, j = 1, . . . , n. (4)

be the product of two elements of E . Their product can be organized in the so-called
multiplication table shown in Table 1. The multiplication table completely characterizes
the non-associative algebra. Furthermore, it is possible to infer properties of the non-
associative algebra from the multiplication. For example, an algebra is commutative if
and only if eiej = ejei, for all i, j = 1, . . . , n. Equivalently, we have pijk = pjik for all
i, j, k = 1, . . . , n, which means that the multiplication table is symmetric.



Table 1. Generic multiplication table.

Complex Quaternion Octonion

1 i1 i2 i3 i4 i5 i6 i7

i1 −1 i3 −i2 i5 −i4 −i7 i6

i2 −i3 −1 i1 i6 i7 −i4 −i5

i3 i2 −i1 −1 i7 −i6 i5 −i4

i4 −i5 −i6 −i7 −1 i1 i2 i3

i5 i4 −i7 i6 −i1 −1 −i3 i2

i6 i7 i4 −i5 −i2 i3 −1 −i1

i7 −i6 i5 i4 −i3 −i2 i3 −1

Figure 1. The multiplication table of complex numbers, quaternions, and octo-
nions with respect to the canonical basis.

2.1. Hypercomplex Algebra

A hypercomplex algebra H is a finite-dimensional non-associative algebra where the
product has a two-sided identity [Kantor and Solodovnikov 1989, Valle 2024]. Recall that
e0 ∈ V is a two-sided identity if

xe0 = e0x, ∀x ∈ H. (5)

The identity e0, also denoted by 1, is usually the first element of the ordered basis E of a
hypercomplex algebra. Accordingly, the canonical basis of a hypercomplex algebra H of
dimension dim(H) = n + 1 is τ = {1, i1, . . . , in}, and a hypercomplex number is given
by x = x0 + x1i1 + . . . + xnin. Figure 1 shows the multiplication table of the complex
numbers, quaternions, and octonions with respect to the the canonical basis τC = {1, i1},
τQ = {1, i1, i2, i3}, and τO = {1, i1, i2, i3, i4, i5, i6, i7}, respectively.



2.2. Product Operation
Using the distributive law and the multiplication table, the product of x, y ∈ V is given
by

xy =

(
n∑

i=1

xiei

)(
n∑

j=1

yjej

)
=

n∑
i=1

n∑
j=1

xiyi(eiej) =
n∑

k=1

(
n∑

i=1

n∑
j=1

xiyjpijk

)
ek. (6)

By letting Bk : V× V → R be given by

Bk(x, y) =
n∑

i=1

n∑
j=1

xiyjpijk, ∀k = 1, .., n. (7)

we have xy =
∑n

k=1 Bk(x, y)ek. Moreover, the function Bk is a bilinear mapping whose
matrix representation in the ordered basis E is

Bk =

p11k p12k . . . p1nk
p21k p22k . . . p2nk
pn1k pn2k . . . pnnk

 ∈ Rn×n, ∀k = 1, . . . , n. (8)

Hence, Bk(x, y) = φ(x)TBkφ(y).

Alternatively, the product can be obtained through an operation between a matrix
and a vector. Given a vector a =

∑n
i=1 aiei ∈ V, the multiplication of x to the left by a

yields a linear operator AL : V → V given by AL = ax, for all x ∈ V. Thus, the matrix
representation of AL relative to the basis E yields the mapping ML : V → Rn×n given by

ML(a) =

 | | |
φ(ae1) φ(ae2) . . . φ(aen)

| | |


=


∑n

i=1 aipi11
∑n

i=1 aipi11 . . .
∑n

i=1 aipi11
...

... . . . ...∑n
i=1 aipi11

∑n
i=1 aipi11 . . .

∑n
i=1 aipi11


=

n∑
i=1

aiP
T
i , where P T

i =

pi11 . . . pin1
... . . . ...

pi1n . . . pinn

 .
(9)

In short, ML : V → Rn×n maps a ∈ V to its matrix representation in the multiplication
to the left relative to the basis E = {e1, . . . , en}. Using the matrix representation, the
product ax is given by

φ(ax) =ML(a)φ(x) =
n∑

i=1

aiP
T
i φ(x), ∀a =

n∑
i=1

aiei, x ∈ V. (10)

Example 1 The product between quaternions a = a0 + a1i1 + a2i2 + a3i3 and x =
x0 + x1i1 + x2i2 + x3i3 is given by

ax =(a0x0 − a1x1 − a2x2 − a3x3) + (a0x1 + a1x0 + a2x3 − a3x2)i1

+ (a0x2 − a1x3 + a2x0 + a3x1)i2 + (a0x3 + a1x2 − a2x1 + a3x0)i3.
(11)



Using the isomorphism φ given by (3), we obtain

φ(ax) =


a0x0 − a1x1 − a2x2 − a3x3
a0x1 + a1x0 + a2x3 − a3x2
a0x2 − a1x3 + a2x0 + a3x1
a0x3 + a1x2 − a2x1 + a3x0

 , (12)

which can be rewritten as φ(ax) = ML(a)φ(x) with

ML(a) =


a0 −a1 −a2 −a3
a1 a0 −a3 a2
a2 a3 a0 −a1
a3 −a2 a1 a0

 and φ(x) =


x0
x1
x2
x3

 . (13)

3. Vector-Valued Matrix Computation

Similarly to traditional matrix algebra, the product between two vector-valued matrices
A ∈ VM×L and B ∈ VL×N is a new matrix C ∈ VM×N with entries given by

cij =
L∑
l=1

ailblj, ∀i = 1, . . . ,M and j = 1, . . . , N. (14)

In order to use fast scientific computing software, the above operation is computed
through real-valued matrix operations. Using the isomorphism φ : V → Rn and the
mapping ML : V → Rn×n, we obtain

φ(cij) =
L∑
l=1

φ(ailblj) =
L∑
l=1

ML(ail)φ(blj) (15)

which is equivalent to the real-valued matrix operation

φ(C) =ML(A)φ(B), (16)

where

ML(A) =

ML(a11) . . . ML(a1L)
... . . . ...

ML(aM1) . . . ML(aML)

 ∈ RnM×nL, (17)

and

φ(B) =

φ(b11) . . . φ(b1N)
... . . . ...

φ(bL1) . . . φ(bLN)

 ∈ RnL×N . (18)

Therefore, we have C = φ−1(ML(A)φ(B)), which allows the computation of vector-
valued matrix operations through real-valued linear algebra available in the current scien-
tific computing software.



3.1. The Kronecker Product

In order to further reduce the computing time, the matrix ML(A) ∈ RnM×nL can be
computed using the Kronecker product [Loan 2000]. The Kronecker product of two real-
valued matrices A = (aij) ∈ RN×M and B = (bij) ∈ RP×Q is given by

A⊗B =

a11B . . . a1MB
... . . . ...

aN1B . . . aNMB

 ∈ RNP×MQ. (19)

Using Kronecker product, we have

ML(A) =
n∑

k=1

 a11kP
T
k . . . a1LkP

T
k

... . . . ...
aM1kP

T
k . . . aMLkP

T
k

 =
n∑

k=1

Ak ⊗ P T
i , (20)

where A =
∑n

k=1Akek, with real-valued matrices Ak ∈ RM×L for all k = 1, . . . , n. As a
consequence, the vector-valued matrix product C = AB can be computed by

C = φ−1

([
n∑

k=1

Ak ⊗ P T
k

]
φ(B)

)
. (21)

4. Vector-Valued Neural Networks
In traditional neural networks, known as real-valued neural networks, data is represented
as multidimensional arrays of real numbers. In contrast, vector-valued neural networks
(V-nets) represent data as arrays of vectors. This representation allows V-nets to naturally
account for the intercorrelation between feature channels using vector algebra, making
these models less likely to get stuck in a local minimum during training. As a result,
V-nets generally experience more robust training compared to traditional networks and
typically have fewer parameters. When working with vector-valued data, such as audio
signals or RGB color images, models specifically designed to handle arrays of vectors
may perform better than traditional models that deal with arrays of real numbers. The fol-
lowing section reviews the dense and convolutional layers used in vector-valued networks,
as described in [Valle 2024].

4.1. Dense Layers

In neural networks, dense layers consist of multiple parallel neurons, each receiving inputs
through synaptic connections. Each neuron computes a linear combination of its inputs,
weighted by trainable parameters known as synaptic weights. A scalar bias term is added
to this combination. Additionally, the output of each neuron can be transformed using a
nonlinear activation function. In mathematical terms, the output of the ith vector-valued
neuron in a dense layer can be expressed as:

yi = ψ(si + bi), where si =
N∑
j=1

ωijxj, ∀i = 1, . . . ,M, (22)



where x1, . . . , xN ∈ V represent the vector-valued inputs, ωij are the synaptic weights
connecting input j to neuron i, bi ∈ V is the bias term for neuron i, and ψ : V → V
denotes the vector-valued activation function.

We would like to remark that traditional dense layers and vector-valued dense
layers become equivalent when the dimension of the vector space V equals one, that is,
when dim(V) = 1.

4.2. Convolutional Layers

Convolutional layer neurons, unlike dense ones, are only connected to a section of the
feature maps of the previous layer through a filter. In addition to significantly reducing
the number of parameters, convolutional layers add a level of spatial invariance to the
model and are effective for local pattern detection.

Let x be the input image with C vector-valued feature channels. We denote by
x(p, c) ∈ V the content of the cth feature channel located on the pixel p ∈ Dx, where Dx

is the domain of x. The weights of a convolutional layer with K filters are arranged in a
vector W such that W (q, c, k) ∈ V is the weight of the kth filter in the cth feature channel
at q ∈ D, where D is the filter domain. The vector-valued convolution of W and x is
given by

(W ∗ x)(p, k) =
C∑
c=1

∑
q∈D

W (q, c, k)x(p+ S(q), c), p ∈ Dx, ∀k = 1, . . . , K (23)

where p+S(q) is a translation that may account for strides. The output of a convolutional
layer is obtained by adding a bias term and applying an activation function as follows:

y = ψ(W ∗ x+ b). (24)

Using the isomorphism φ : V → Rn, the Kronecker product and linearity, we are
able to express the convolution operation (23) by means of the equation

φ(W ∗ x) =

(
n∑

l=1

Wl ⊗ P T
l:

)
∗ φ(x) =

n∑
l=1

Ml ∗ φ(x), (25)

whereW = W1e1+ . . .+Wnen is a representation of the filters relative to the ordered ba-
sis E = {e1, . . . , en}, Ml = Wl⊗P T

i: are real-valued filters obtained using the Kronecker
product, and φ(x) is obtained by concatenating the components of x = x1e1+ . . .+xnen

in the feature axis.

4.3. Combining Traditional and Vector-valued Layers

Traditional CNNs include not only dense and convolutional layers but also pooling layers
and others [Lecun et al. 2015]. While there are ongoing efforts to create vector-valued
versions of these layers, we can use a method that combines traditional pooling layers
with vector-valued convolutional and dense layers. This method effectively applies the
pooling layer in a component-wise manner [Valle 2024]. Additionally, V-nets can incor-
porate a traditional output dense layer for classification tasks. A real-valued dense layer
is equivalent to taking the real part of a hypercomplex-valued dense layer [Valle 2024].



5. Computational Experiment
This section outlines the implementation of a vector-valued convolutional neural network
(V-CNN) utilizing various hypercomplex algebras, specifically complex numbers, quater-
nions, and octonions. Additionally, it discusses the application of V-CNNs in a classifica-
tion problem associated with the diagnosis of acute lymphoblastic leukemia.

5.1. The classification problem
We consider the “ALL-IDB: Acute Lymphoblastic Leukemia Image Database for Image
Processing,” developed by Fabio Scotti and his collaborators at the Department of Infor-
mation Technology, Università degli Studi di Milano, Italy. This dataset contains a total of
260 images, with 130 images classified as healthy cells (classification 0) and 130 images
classified as lymphoblasts (classification 1). We use one-hot encoding for the class labels.
The images have all been resized to 128 × 128 using the RGB color space. The primary
objective of our model is to accurately predict the class of a given image, determining
whether it depicts a healthy cell or a lymphoblast.

5.2. Hypercomplex codification: Complex, Quaternion, and Octonion
In order to develop the complex, quaternion, and octonion-valued models, we must first
codify the real-valued inputs as hypercomplex-valued ones. By utilizing these hypercom-
plex algebras, we can leverage their algebraic and geometric properties. The real-valued
inputs are represented as an array (or tensor) of size (128, 128, 3), where the first two en-
tries correspond to the width and height in pixels, and the third entry contains the rescaled
values of the image’s RGB entries.

Let xR = [R,G,B] denote an RGB color image. The following encoding strategies
have been used for encoding the RGB image into complex and quaternion-valued images:

• Complex Encoding: The RGB color pixel is encoded into two complex numbers
by means of the equation:

x
(1)
C = [Ri,G+ Bi]. (26)

Note that the first component is a pure imaginary complex number; the real part is
zero.

• Quaternion Encoding: The RGB color pixel is encoded into a quaternion by
means of the equation:

x
(1)
Q = Ri+ Gj + Bk. (27)

Besides the encoding given by (26) and (27), we also considered a parameterized encod-
ing strategy defined by the following expressions:

x
(2)
C = [(α1,0R+ α2,0G+ α3,0B+ β0) + (α1,1R+ α2,1G+ α3,1B+ β1)i, (28)

(α1,2R+ α2,2G+ α3,2B+ β2) + (α1,3R+ α2,3G+ α3,3B+ β3)i],

x
(2)
Q = (α1,0R+ α2,0G+ α3,0B+ β0) + (α1,1R+ α2,1G+ α3,1B+ β1)i (29)

+ (α1,2R+ α2,2G+ α3,2B+ β2)j + (α1,3R+ α2,3G+ α3,3B+ β3)k.

Note that, like x(1)C , the complex-valued image x(2)C has two channels. Similarly, the RGB
color image is encoded into an octonion-valued image using the equation

xO = (α1,0R+ α2,0G+ α3,0B+ β0) +
7∑

k=1

(α1,kR+ α2,kG+ α3,kB+ βk)ik. (30)



Table 2. Real- and hypercomplex-valued CNNs architectures.

Real Complex Quaternion Octonion
filters parameters filters parameters filters parameters filters parameters

Conv#1 32 896 16 608 8 320 4 320
MaxPool#1

Conv#2 64 18,496 32 9,280 16 4,672 8 2,368
MaxPool#2

Conv#3 128 73,856 64 36,992 32 18,560 16 9,344
MaxPool#3

Conv#4 128 147,584 64 73,856 32 36,992 16 18,560
MaxPool#4

Dense 2 9,218 2 16,386 2 16,386 2 16,386
Total # parameters 250,050 137,138 76,946 47,010

The parameters αi,k and βk are adjusted during the training of the vector-valued CNN
models.

5.3. Convolutional Neural Network Architectures

Table 2 presents the architectures of real-valued and hypercomplex-valued CNN models,
omitting the encoding, data augmentation, and dropout layers.

Each convolutional layer consists of filters sized 3 × 3, with padding set to
“SAME”, and utilizes the ReLU activation function. For the hypercomplex model, we
used the V Conv2D layer available at https://github.com/mevalle/v-nets,
which supports hypercomplex algebras. The output layer is a real-valued dense layer with
two neurons—one for each class—and employs the softmax activation function. As usual,
we include a Keras flatten layer before the final dense layer. Finally, we trained 10 times
each of our 6 models defined below:

• Model R: The real-valued CNN;
• Models C1 and C2: The complex-valued CNNs with encodings given by (26)

and (28), respectively;
• Models Q1 and Q2: The quaternion-valued CNNs with the quaternion encoding

given by (27) and (29), respectively;
• Model O: The octonion-valued CNN with encoding given by (30).

It is noteworthy that the CNN architectures exhibit a decreasing total number of param-
eters. Specifically, the real-valued CNN has 250,050 parameters, whereas the octonion-
valued model contains only 47,010 parameters (counted as floating-point numbers).

5.4. Training

During training, we utilize data augmentation layers along with dropout regularization
techniques. The data augmentation layers include random flips, random rotations (with an
angle of 0.3 radians), random zooms (with a zoom factor of 0.2), and random translations
(with a shift of (0.1, 0.1)). The dropout rate is set to 0.5.

We employ the Adam optimizer and use the cross-entropy loss function, with a
batch size of 32 and a total of 200 epochs. The original dataset is divided into training
(64%), validation (16%), and test (20%) sets, with the “random state” argument set
to 42. The training process for each model is repeated 10 times, and the resulting loss and
accuracy scores are saved for a comparative analysis.



Table 3. The mean and standard deviation of the accuracy on the test set.

Model R Modelo C1 Model C2 Model Q1 Model Q2 Model O
mean 0.967308 0.863462 0.934615 0.973077 0.926923 0.971154
std 0.015832 0.196629 0.090291 0.013446 0.055736 0.018689
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Figure 2. Boxplot with the accuracy of the CNN models on the test set.

5.5. Results and Analysis

Table 3 displays the mean and standard deviation for the accuracy of each model on the
test set. To enhance the interpretation of the results from the computational experiment,
Figure 2 illustrates the boxplot of the accuracy achieved by each model in the test set.
Additionally, Figure 3 presents a Hasse diagram, where the best-performing models are
positioned at the top. In this diagram, an edge indicates that the model above outper-
formed the one below, as determined by a pairwise hypothesis test at a 95% significance
level.

The models C1, C2, and Q2 exhibited the largest variations, with models C1 and
Q2 also showing the lowest mean accuracy scores. Conversely, models R, C2, Q1, and
O achieved the highest accuracy scores and demonstrated statistical equivalence. We can
conclude that the V-Nets, particularly the hypercomplex-valued models discussed in this
paper, perform nearly as well as, or even slightly better than, their real-valued counter-
parts. This is accomplished while significantly reducing the number of parameters and,
consequently, the computational resources required to define the deep learning models.



Hasse diagram of Wilcoxon signed-rank test
(confidence level at 95.0%)

Model R

Model Q2 Model C1

Model C2Model Q1Model O

Figure 3. Hasse diagram comparing the CNN models on the test set.

6. Concluding Remarks
In this article, we reviewed the algebraic foundations of vector-valued and hypercomplex-
valued neural networks. We demonstrated that models utilizing complex numbers, quater-
nions, and octonions can effectively perform image classification on color images. Specif-
ically, we evaluated the performance of hypercomplex-valued convolutional neural net-
works using the ALL-IDB dataset [Labati et al. 2011]. Our findings indicate that vector-
valued models can reduce the number of parameters without compromising accuracy.
This reduction is particularly significant in the context of lightweight deep learning, as it
requires less computational resources to store the trained model.
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