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Abstract. We present a data-driven pipeline for learning a smooth Riemannian
metric over reduced image representations and computing geodesic trajectories.
The method estimates local tangent structure with medoid-based clustering and
cluster-wise PCA, aligns local coordinate systems, and blends metric tensors
using radial basis function weights. Geodesics are solved as boundary value
problem initialized from discrete manifold paths, with checkpointed continua-
tion for difficult transitions. Results show that BVP refines graph-based paths,
while linear interpolation, although short, crosses regions less supported by the
empirical data distribution. The proposed framework provides a practical tool
for probing intrinsic geometric structure in learned image representations.

1. Introduction

Metric learning aims to construct distance functions that more accurately reflect the struc-
ture of data than standard Euclidean geometry. In many machine learning settings, Eu-
clidean distance is overly restrictive, particularly when data is distributed along nonlin-
ear manifolds embedded in high-dimensional spaces. In such cases, learning a metric
adapted to the data distribution is essential for capturing local structure, neighborhood
relationships, and intrinsic paths.

Riemannian metric learning extends metric learning by equipping the data
space with a smoothly varying metric tensor. In generative modeling, prior work has
defined geometry through generator-induced pullback metrics [Arvanitidis et al. 2018]
and [Arvanitidis et al. 2021] and decoder-induced information-geometric pull-
backs [Arvanitidis et al. 2022].  Other approaches use learned transformations of
the data space [Diepeveen 2024] or trajectory-based methods such as Metric Flow
Matching [Kapunniak et al. 2024]. In contrast, our work reconstructs a spatially varying
Riemannian metric directly from sampled reduced representations and uses it for
continuous geodesic computation.

Despite these advances, there remains a gap between data-driven metric learn-
ing and explicit geometric computation. In particular, existing approaches either rely
on model-dependent constructions, learn implicit geometries, or do not provide explicit
mechanisms for computing geodesics under a learned metric [Harlim et al. 2023] and
[Zhou et al. 2020].



In this work, we propose a data-driven framework for reconstructing a spatially
varying Riemannian metric from sampled data and computing geodesics under this met-
ric. By combining metric learning, manifold learning, and differential geometry, the
method provides an explicit model-agnostic representation of data geometry, avoiding
reliance on generator Jacobians or other model-dependent internal mappings.

We begin by partitioning the data into locally coherent regions, following the com-
mon assumption in manifold learning that data can be approximated by locally linear
structures [Tenenbaum et al. 2000]. Within each region, we estimate local metric tensors
using Principal Component Analysis (PCA), which provides a first-order approximation
of the tangent space and captures local anisotropy in the data distribution. This con-
struction is consistent with geometric interpretations of PCA as a local metric estimator
[Gruffaz and Sassen 2025].

Since local PCA bases are defined independently, we align them through or-
thogonal Procrustes method, a standard technique for matching local coordinate systems
[Goodall 2018]. To obtain a globally smooth metric, the aligned local metrics are com-
bined using Radial Basis Function (RBF) weighting, a widely used approach for con-
structing smooth interpolants from local models [Buhmann 2000].

Given the learned metric, geodesic trajectories between data samples are com-
puted by solving the geodesic equation as a boundary value problem using a collocation-
based numerical solver. This formulation allows direct computation of intrinsic paths
under the reconstructed metric, in contrast to approaches that induce geometry from
generative mappings [Arvanitidis et al. 2018], pull back information-geometric met-
rics [Arvanitidis et al. 2022], or learn manifold representations for geodesic computation
[Yu et al. 2026].

To validate the consistency of the learned geometry, we additionally construct a k-
nearest neighbor graph with Riemannian edge weights and compare continuous geodesics
with discrete shortest paths obtained via Dijkstra’s algorithm.

Unlike classical metric learning, our approach learns a spatially varying Rieman-
nian metric for intrinsic distance and geodesic computation. Building on prior work in lo-
cal Riemannian manifold learning [Miranda Jr et al. 2015], we integrate medoid regions,
locality-weighted estimation, RBF blending, and continuous BVP geodesics over reduced
image representations.

2. Related Work

The manifold hypothesis suggests that high-dimensional data often concentrate near
lower-dimensional structures embedded in ambient space. In this regard, Riemannian ge-
ometry has also been used to define intrinsic distances in representation spaces. Pullback
metrics induced by generator Jacobians provide a principled way to measure distances
and compute geodesics [Arvanitidis et al. 2021]. Other recent approaches construct geo-
metric structures through deformation techniques or implicit manifolds [ Yang et al. 2023]
and [Hartwig et al. 2026]. Related methods also investigate likely geometries in gen-
erative models and learned transformations of the data space [Rygaard et al. 2026] and
[Diepeveen 2024].

Trajectory-based formulations, including Metric Flow Matching and Riemannian



distance-based model identification, provide further perspectives on geometric learning
and analysis [Kapunniak et al. 2024] and [Song and Itti 2025]. However, many of these
methods either require access to model internals, avoid explicit metric reconstruction,
or focus on learning plausible trajectories without directly estimating a spatially varying
metric system from data. Recent work has also emphasized computational stability and
efficient operators for Riemannian metrics on SPD manifolds, including Cholesky-based
product geometries for fast and stable SPD metric design [Chen et al. 2026]. Although
this line of work focuses on SPD-valued data and SPD neural networks, it reinforces the
importance of stable metric construction when Riemannian geometry is used in learning
systems.

Metric learning provides another related perspective, aiming to replace Eu-
clidean distances with task- or data-adapted notions of similarity [Kulis 2013] and
[Kaya and Bilge 2019]. Classical and deep metric learning methods usually learn global,
parametric, or embedding-based distances for supervised objectives, including face recog-
nition and deep visual representations [Schroff et al. 2015] and [Zheng et al. 2021]. In
contrast, our work reconstructs an explicit Riemannian metric directly from sampled data
in a reduced representation space. Local anisotropy is estimated through cluster-wise
PCA, local metric systems are aligned using Procrustes method, and the resulting metric
systems are blended with RBF weights into a smooth global metric system. This enables
continuous geodesic computation through a boundary value formulation, independent of
generator Jacobians or model-specific internal derivatives.

Positioning with respect to recent approaches. Recent work has explored Rie-
mannian geometry in representation and generative modeling through learned latent-
space metrics [Arvanitidis et al. 2021], global geometric transformations of the data
space [Diepeveen 2024], and trajectory-based methods such as Metric Flow Match-
ing [Kapunniak et al. 2024]. Related work on SPD manifolds has also emphasized stable
and computationally efficient Riemannian metric design [Chen et al. 2026], while Rie-
mannian distances have been used in application-oriented settings such as model identi-
fication [Song and Itti 2025]. Our method is complementary to these directions: it learns
a spatially varying metric from sampled reduced representations and explicitly couples
metric reconstruction with continuous geodesic computation.

3. Riemannian Geometry Preliminaries

We briefly recall the geometric concepts used throughout this work. We assume that the
data lies on a d-dimensional differentiable manifold M C RP. For each point p € M,
the set of all tangent vectors to the d-dimensional manifold M¢ at p forms a vector space,
denoted by T, M, called the tangent space of M at p.

A Riemannian metric endows each tangent space with an inner product that varies
smoothly across the manifold, allowing the definition of local distances, angles, and geo-
metric quantities such as geodesics.

[Riemannian Metric] A metric on a differentiable manifold M? is a correspon-
dence that associates to each point p € M an inner product (-, -),, on the tangent space
Tp./\/ld, varying smoothly with p [do Carmo 2008].



In local coordinates, the metric is represented by the coefficients, for each p € M
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where {%}'—1 denotes the natural basis on T, M? induced by the coordinates chart.
These coefficients define a symmetric positive-definite matrix g = (g;;). The pair (MY, g)

is called a Riemannian manifold.

[Christoffel Symbols] Let (M, g) be a Riemannian manifold. The Christoffel
symbols of Levi-Civita connection are defined in local coordinates by
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where ¢*™ denotes the inverse of the metric tensor gy, [do Carmo 2008].

These coefficients encode how directions evolve along the manifold via the con-
nection and directly define the geodesic equation used to compute intrinsic paths under
the learned metric.

[Geodesics] Let v : I C R — M¢ be a differentiable curve. In local coordinates

it can be written as y(t) = (x1(t), ..., x4(t)). The derivative of the velocity vector along
the curve is given by
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The curve 7 is called a geodesic if its covariant acceleration vanishes identically, i. e.,
Ddt (dydt) = 0. Inlocal coordinates, this geometric zero-acceleration condition yields
the geodesic equation
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Geodesics represent curves of constant speed that locally minimize the length induced by
the Riemannian metric.

4. Methodology

We propose a data-driven pipeline for learning a smooth Riemannian metric over a re-
duced image representation space and computing geodesic trajectories between represen-
tative samples. The proposed pipeline starts from a sample set S = {y,;}, embedded
in the reduced representation space and is not intrinsically tied to a particular generative
model.

In the MNIST experiments, S is built from a curated empirical sample of digit
images, including generated samples filtered by image-similarity criteria, SSIM (Struc-
tural Similarity Index Measure) [Wang et al. 2004], and embedded into the representation
space. This generative component is used only to enrich the empirical sampling of the



digit manifold; it is not part of the subsequent metric estimation or geodesic computation
procedure.

Given &, we partition the representation space into K local regions. In our experi-
ments, we use K-Medoids because its representatives are actual sampled points, avoiding
synthetic centroids that may lie in poorly supported regions of the representation space.
Each cluster is treated as a local approximation region of the sampled manifold, and its
medoid is used as a local reference point and as the center of the corresponding radial
basis weight.

4.1. Local-to-Global Metric Construction

Our construction follows the LRML (Local Riemannian Manifold Learning) principle of
representing the manifold through local coordinate systems and composing these local
descriptions into a common representation [Miranda Jr et al. 2015]. In our setting, each
cluster C}; defines a local neighborhood, with medoid my, as reference point. A local PCA
frame Vj, = [Vi1, ..., Viq] is estimated from the centered data matrix X by solving

X];erVk,i = )\k,ivk,i- (5)

Analogously to local normal coordinates, points near my, are represented in the local chart
by
w(y) = V' (y — my). (6)

In each local metric system, the metric is represented by a symmetric matrix
Ay, € R4, Pollowing the quadratic-form formulation used in LRML, local graph-based
distances are approximated by

G~ (w(ys) — wily;) | Ak (we(ys) — ui(y;)) - (7)

Here, /;; is computed as the shortest-path distance between y; and y; on the local k-NN
graph restricted to the neighborhood C';. Although each evaluation is scalar, the learned
object is the full local metric matrix Ay, which has d(d + 1)/2 independent coefficients.
These coefficients are estimated by stacking local pairwise constraints into a weighted
least-squares problem,

a, = argmainHW,i/Q(\I/ka—bk)”z+p||a||§, (8)

where a contains the independent coefficients of A, ¥, encodes the quadratic displace-
ment terms, and by, contains the squared local distances. The matrix W}, is diagonal and
implements locality weighting: shorter shortest-path constraints inside Cj, receive larger
weights, since the local quadratic approximation is more appropriate for small displace-
ments. The solution is unpacked into a symmetric matrix which defines a symmetric
positive definite local quadratic form.

The matrix A;, defines the metric in the k-th local metric system. For any local
displacement su'® its squared local metric norm is

[6u® )12, = (6u®)T Apsu™. 9)



Thus, Ay is a full d x d local metric matrix, while (6u)T A,0u® is only the scalar
evaluation of this metric on a particular displacement.

Because local metric systems are estimated independently, their orientations may
differ across clusters. Following the composition motivation of LRML, we align local
metrics before global blending using orthogonal Procrustes technique [Goodall 2018].
The orthogonal matrix Ry € O(d) is the alignment matrix, the aligned metric is

A, = R} ARy, (10)

Finally, the aligned local metrics are blended into a smooth global metric field using
normalized radial basis weights:
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The weights wy,(y) are scalar functions, but they weight full d x d metric matrices. We
shall highlight that G(y) is symmetric positive-definite because it is a convex linear com-
bination of symmetric positive-definite matrices. So, we can affirm that G(y) is a Rieman-
nian metric over the reduced representation space.

4.2. Continuous Geodesic Computation

Given two data points ¥,, 3, € R¢, we compute a curve
v:[0,1] = R? (12)

that connects them under the learned metric. The curve is obtained by solving the geodesic
equation

d*~ 4 dy? dvk
I L L =0 13
i P =0 (13)
with boundary constraints
Y0) = Yoy (1) = v (14)

We address the geodesic equation as a two-point boundary value problem (BVP). The
BVP specifies the differential equation and endpoint constraints, whereas the numerical
collocation solver necessitates an initial approximation of the unknown curve on its mesh.
We derive this initial mesh curve from a Dijkstra path calculated on the Riemannian k-
NN graph, rather than employing a Euclidean interpolation between endpoints. The path
serves solely as a numerical initialization. The ultimate trajectory is continuous within
the reduced representation space and is not obligated to adhere to the graph.

For medium and hard pairs, direct BVP solving may become unstable when the
trajectory crosses several local metric regions. In these cases, we use checkpointed con-
tinuation: if the direct solve fails, a stable intermediate point is selected, and a new BVP
is solved from that point to the original target. The final trajectory is obtained by concate-
nating the stable prefix and the new segment, with at most three continuation steps.
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Figure 1. Full Technique Pipeline
4.3. Trajectory Evaluation

For each trajectory ~y, we report its Riemannian length:

1 1
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The energy is obtained by integrating its squared value. Length measures the geometric
extent of the trajectory, whereas energy is more sensitive to high-cost or irregular seg-
ments. For image-based evaluation, trajectory points in the reduced space are mapped
back to the image domain using the corresponding local inverse PCA transformation im-
plemented in scikit-learn [Pedregosa et al. 2011]. We also report frame-wise SSIM to
assess the similarity and quality of consecutive reconstructed images, and the average Eu-
clidean distance from trajectory points to their nearest real samples in the reduced space,
used as a diagnostic of empirical manifold support.

5. Experiments and Results

5.1. Experimental Setup

The full pipeline is presented in Figure 1. We evaluate the proposed framework on
MNIST. A pretrained generative model is used as a data augmentation strategy to expand
the sample set before metric estimation, providing a denser approximation of the data
manifold. All geometric computations are performed in a reduced representation space
R, used for local metric estimation, global metric blending, and geodesic computation.

The dimension d = 15 was selected from a preliminary spectral analysis of the
standardized MNIST space after outlier filtering. This analysis follows the standard PCA
principle that the covariance eigenvalue spectrum identifies the dominant directions of
data variance [Jolliffe and Cadima 2016]. In this diagnostic, we retained the components
whose eigenvalues remained above an optimized spectral threshold; the procedure se-
lected 15 components, which were then used for metric estimation and BVP geodesic
computation.

The sampled points are partitioned into K clusters using K-Medoids (KX = 30).
Each cluster is interpreted as a local metric of the sampled manifold approximation, where
PCA provides dominant local directions and the corresponding local metric captures vari-
ation of the data distribution.
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Figure 2. Representative trajectories projected with Isomap for visualization.
Geodesics are computed in 15D.

Continuous geodesics are computed by solving the geodesic boundary value prob-
lem between selected pairs of points using a collocation-based BVP solver. The result-
ing trajectories are compared against discrete shortest paths computed on a k-nearest-
neighbor graph whose edge weights are defined using the same learned Riemannian met-
ric.

5.2. Results

We evaluate 25 medoid-to-medoid trajectories in the reduced 15-dimensional (R'?) rep-
resentation space: 5 easy, 10 medium, and 10 hard pairs, defined by quartiles of pairwise
medoid distances. For each pair, we compare the proposed continuous BVP geodesic,
a Riemannian-weighted Dijkstra path on a k-nearest-neighbor graph, and Linear15D, a
straight-line interpolation in the reduced ambient space. We report Riemannian length,
energy, and frame-wise SSIM between consecutive reconstructed images. The proposed
full pipeline workflow is shown in Figure 1.

Figure 2 shows representative trajectories for the three difficulty buckets: easy,
medium, and hard, projected with Isomap for visualization. For each pair, BVP denotes
the proposed continuous geodesic trajectory computed in the reduced 15D representation
space under the learned Riemannian metric, while Dijkstra denotes the corresponding
discrete shortest path on the Riemannian £-NN graph. The 3D projection provides a
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qualitative view of the trajectory layout and should not be interpreted as preserving the
full geometry of the original 15D paths. The visualization illustrates how the continuous
solver refines graph-based paths across local, intermediate, and long-range medoid-to-
medoid transitions.

Table 1 shows that BVP achieves the lowest length and energy in the easy bucket
and remains lower-cost than Dijkstra in medium and hard trajectories, supporting its role
as a continuous refinement of graph-based Riemannian paths. Linear15D becomes shorter
in longer-range transitions, but Table 2 shows that it has weaker empirical support: its tra-
jectory points are farther from their 10 nearest real samples in medium and hard buckets.
Thus, Linear15D should be interpreted as an ambient off-manifold shortcut, not as a better
manifold-consistent trajectory.

Table 1. Quantitative comparison over 25 trajectories. Lower length and energy

indicate lower path cost, but must be interpreted jointly with empirical sup-
port diagnostics of Table 2.

Bucket Method N Length Energy SSIM
Easy BVP 5 0.531+0.122 0.298+0.146 0.988
Dijkstra 5 0.884 £ 0.156 0.807 £ 0.298 0.986

Linear15D 5 0.554 £+ 0.135 0.322 £ 0.167 0.988
Medium  BVP 10 1.338 £0.071 1.828 £+ 0.201 0.965
Dijkstra 10 1.408 £+ 0.148 2.032 £ 0.421 0.965
Linear15D 10 0.835+0.077 0.713+£0.127 0.971
Hard BVP 10 1.531 £0.124 2.384 £0.393 0.960
Dijkstra 10 1.649 £0.112 2.751 £ 0.388 0.957
Linear15D 10 0.980+0.103 0.979£0.226 0.968

Table 2. Average distance to the 10 nearest real samples in the reduced 15D
space. Lower values indicate stronger empirical support.
Bucket BVP Dijkstra  Linear15D

Easy 5.341 5.026 5.288
Medium  4.527 4.608 5.171
Hard 4.423 4.569 5.274
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Figure 3. Derivative profiles for representative easy, medium, and hard BVP tra-
jectories. The 15D curves correspond to the reduced representation space.

Figure 3 analyzes the numerical regularity of representative BVP trajectories from



the easy, medium, and hard buckets. Each panel shows derivative magnitudes in three
representations: the reduced space where the BVP is solved (15D); Img784, the recon-
structed image space with dimension D = 784; and Isomap3D, the 3D visualization
projection. The 15D curve is therefore the primary regularity diagnostic, while Img784
and Isomap3D reflect reconstruction and visualization effects. Across the three examples,
the 15D derivative profiles show no abrupt jumps along the sampled trajectories. This
suggests a smooth BVP refinement of the graph-based initialization, without irregular or
oscillatory behavior.
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Figure 4. Representative hard morphing trajectories.Red represents our ap-
proach, green dijkstra, and blue linear interpolation.

Finally, Figure 4 shows representative hard morphing trajectories. The first two
panels compare BVP and Dijkstra for two hard source-target pairs, with BVP shown first
and Dijkstra second. The last panel compares BVP, Dijkstra, and Linear15D for the same
pair. The Riemannian paths show more gradual digit-like transitions, while Linear15D
changes more directly toward the target, supporting the nearest-neighbor evidence that
visually smooth interpolation may still cross less supported regions of the reduced repre-
sentation space.

6. Conclusion

We presented a data-driven pipeline that combines medoid-based clustering, local PCA
metric estimation, Procrustes alignment, and RBF blending to learn a spatially varying
Riemannian metric over reduced image representations. Geodesics are then computed as
BVP trajectories initialized from Riemannian graph paths, with checkpointed continua-
tion for hard cases.

MNIST experiments show that BVP refines the Dijkstra approximation under
the learned metric, reducing Riemannian length and energy for most trajectories. Lin-
ear15D highlights the limitation of ambient interpolation: visually smooth straight-line
paths may still move away from the sampled data manifold, as confirmed by the 15D
nearest-neighbor diagnostic in medium and hard transitions.

The results demonstrate that data-driven Riemannian measures serve as an ef-
fective instrument for examining the fundamental geometric structure in learned image



representations. We demonstrate that graph-based pathways, continuous boundary value
problem geodesics, and ambient linear interpolation include distinct facets of the repre-
sentation geometry and should not be regarded as interchangeable benchmarks.

Future work will incorporate density-aware penalties to discourage off-manifold
shortcuts, quantify computational cost, analyze sensitivity to representation dimension
and number of local metric regions, compare with global Riemannian distance-field ap-
proach such as [Li et al. 2026] and a non-parametric one [Diepeveen and Needell 2025],
and develop curvature-based diagnostics as post-hoc analyses of the learned metric field.
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