On Tuza’s conjecture in even co-chain graphs
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Abstract. In 1981, Tuza conjectured that the cardinality of a minimum set of
edges that intersects every triangle of a graph is at most twice the cardinality of
a maximum set of edge-disjoint triangles. This conjecture has been proved for
several important graph classes, as planar graphs, tripartite graphs, among
others. However, it remains open on other important classes of graphs, as
chordal graphs. Furthermore, it remains open for main subclasses of chordal
graphs, as split graphs and interval graphs. In this paper, we show that Tuza’s
conjecture is valid for even co-chain graphs, a known subclass of interval
graphs.

1. Introduction

In this paper, all graphs considered are simple and the notation and terminology are
standard. A triangle hitting of a graph G is a set of edges of G whose removal results
in a triangle-free graph; and a triangle packing of G is a set of edge-disjoint triangles
of G. We denote by 7(G) (resp. v(G)) the cardinality of a minimum triangle hitting (resp.
maximum triangle packing) of GG. Tuza posed the following conjecture.

Conjecture 1 ([Tuza 1981]) For every graph G, we have 7(G) < 2v(G).

This conjecture was verified for many classes of graphs [Tuza 1990,
Cui and Wang 2009, Haxell 1999, Haxell et al. 2012] . However, Tuza’s conjecture
remains open for several important graph classes, as chordal graphs. For chordal graphs,
Botler er al. showed that Tuza’s conjecture is valid if GG is Kg-free [Botler et al. 2021,
Corollary 3.6]. However, the conjecture is still open for several important subclasses of
chordal graphs, as split graphs and interval graphs.

In this direction, Bonamy e? al. [Bonamy et al. 2021] verified this conjecture
for threshold graphs, that is, graphs that are both split graphs and cographs. Another
important subclass of chordal graphs are interval graphs.  Several algorithmic
and structural problems have been studied in co-chain graphs (see for instance
[Boyaci et al. 2018, Kijima et al. 2012]), a known subclass of unit-interval graphs (see
[Brandstédt et al. 1999, Theorem 9.1.2]). Bonamy et al. showed Conjecture 1 is valid for
co-chain graphs with both sides of the same size divisible by 4. In this paper, we improve
this result by showing that Tuza’s conjecture is valid for every even co-chain graph.

2. Preliminaries

Given graph GG and a vertex v in (G, we denote by N(v) the set of neighbors of v. If
X C V(G), then we denote by G| X]| the subgraph induced by X. A co-bipartite graph
is a graph whose complement is bipartite. That is, if GG is a co-bipartite graph, then there



is a partition { Ky, K,,} of V(G) such that G[K g] and G[K,,| are cliques. We denote a
co-bipartite graph GG with such partition as G[K,, K,,]. A co-chain graph is a co-bipartite
graph in which the neighborhoods of the vertices in each side can be linearly ordered with
respect to inclusion. That is, if G[ K, K,,] is a co-chain graph, we can rename the vertices
of Ky as ¢y, ca,...,ck, and the vertices of K, as dy, ds, ..., d|x,,| such that N(c;;1) C
N(¢;)fori=1,2,... |Ky —1and N(d;) C N(dj1) fori =1,2,... |K,| — L

A co-chain graph G[Ky, K,,] is called even if |K,| and |K,,| are both divisible
by four. Bonamy et al. [Bonamy et al. 2021] showed that if G[K,, K,,] is even and
|Ky| = |Kp|, then 7(G) < 2v(G). In this paper we extend this result by eliminating
the restriction of equality.

Theorem 1 If G is an even co-chain graph, then 7(G) < 2v(G).

Given a graph GG and two disjoint sets of vertices .S and K, we let ps(S, K) be
a maximum triangle packing in G[K U S] among those that do not consider any edge in
G/[S] and let p(K) be a maximum triangle packing in G[K]. If the context is clear, we
denote them by p(S, K) and p(K) respectively. We say that two sets of vertices in a graph
are complete to each other if they are disjoint and every vertex in one set is adjacent to
any vertex of the other set.

For our proof, we use two known results.

Proposition 1 (see [Bonamy et al. 2021, Corollary 5]) Let K be a clique and S an
independent set such that they are complete to each other in a graph G. Then |p(S, K)| >
|K| L min{|S|, |K|}. Moreover, if | K| is even, then |p(S, K)| > lK‘ .min{|S|,|K|—1}.

Proposition 2 ([Feder and Subi 2012, Lemma 6]) |p(K,)| = +((}) — k) where k = 0
ifnMOD6 € {1,3}, k=4ifnMOD 6 =5k =" ifn MOD 6 € {0,2}, and k = 2 + 1
ifn MOD 6 =4.

3. Proof of Theorem 1

For the rest of this section, we fix an even co-chain graph G[K,, K,,]. Recall that K,
and K, have size divisible by 4. We abuse notation and let ¢ := |K,|/2, and m :=
|K,,|/2. As mentioned in the introduction, the case { = m was already proved by
[Bonamy et al. 2021]. Thus, we may assume that ¢ # m.

As in [Bonamy et al. 2021], we let K;Op , K% for the top and the bottom half
of K, respectively, and similarly K7 and K" for the top and the bottom half of K,,.
Let X, C K,, X,, C K,, be the sets defined as follows: ¢ € X, if Kf;‘jt C N(e),
and d € X,, if K;”” C N(d). We set 2, = |X,| and x,, = |X,,| (Figure 1). As G is a
co-chain graph, z, > ¢ implies that the set X, O K éOp is complete to K%', Consequently,
Ty > m. Similarly, x,, > m implies that x, > ¢. Therefore, x, > ¢ if and only if
Z;m > m. The rest of the proof is divided in two cases, if either 2, > ¢ or not.

3.1. The case x, > ¢
We define a triangle packing P; as follows.

Py = p(Xe, K Up(Xn \ K2 K) U p(KE KEP) U p(K,™, K.



Figure 1. An even co-chain graph, with / =2 m = 4,x, = 3, and x,,, = 5. By
simplicity, the edges inside K, and K,,, are not shown.

We choose a triangle hitting 7} by taking all edges within K%, K, Ko, Kot
as well as all edges between K, and K", and between K}** and K'%. We have

1| < tm + (¢ — 0) (@ — m) +2(7;) +2<§>.

Note that, by Proposition 1,
2| P |—|T1| > m-min{z,, m—1}+¢-min{z, —m,l—1} —lm— (z,—{)(xy,, —m). (1)

For the rest of the proof in this case, we may assume, without loss of generality that
¢ < m. Suppose for a moment that ¢ < x, < m. Then, by (1),

2|P | —|Th] > m-zg+ ¢ -min{x,, —m,{—1} —lm — (x; — )(z,, — M)
> (2m —zy)(x,—0)
>

0,

and the proof follows. Hence, from now on, we may assume that z, > m > /.

Note that, by (1), we have

2|P | —|Tv] = m-(m—1)+ ¢ - min{z,, — m,l — 1} —m — (xy — {)(x, — M)
= m-(m—0—1)+ ¢ -min{z, —m,{—1} — (x; — O)(zp, —m).(2)

Suppose for a moment that x,,, — m < £. Then, by (2),

2|P| — |11 -(m—L0—1)+ ¢ -min{z,, —m,l —1} — (x; — )(z, — M)
(m—L—=1)+1C- (v, —m) — (xg — ) (2, — M)

c(m—L—=1)+ (20 — x¢) - (T, — M)
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and the proof follows. Thus, we may assume that x,,, — m > ¢. The rest of the proof for
this case can be analyzed with the same methodology.

Now, if z, < ¢, we will select a clique with maximum size between K;Op U X,, and
Kb'u X,. If K¥'U X, has the maximum size, we define a triangle packing P as follows:

P = p(KY'U X,) Up(X, U X, K;P\ Xg) Up(K2 KP) U p(KP, K.
bot

And also we choose a triangle hitting 7" obtained by taking all edges within Kfp , K,
Ko, K" as well as edges between X, and K% and between X, and K,”. Then, in
this case the idea is proof that 2| P| > |T|.

4. Concluding Remarks

In this paper, we showed that Tuza’s conjecture is valid for even co-chain graphs, that
is, co-chain graphs where every side of the partition is divisible by four. We believe the
technique can be adapted to extend this result by showing that Tuza’s conjecture is valid
for any co-chain graph. As mentioned by Bonamy et al.[Bonamy et al. 2021], a main
motivation for this study is due the close relationship between co-chain graphs and unit
interval graphs. Hence, our result is a step further to prove Tuza’s conjecture in unit-
interval graphs. Note that interval graphs are chordal graphs. We believe we are still far
from proving Tuza’s conjecture in chordal graphs. A step towards this goal would be to
show Tuza’s conjecture in split graphs, or subclasses of it.
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