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Abstract. An induced star partition of a graph is a partition of its vertex set
in which all parts must induce a star, i.e., each part 1 must induce a subgraph
isomorphic to a K 4, for some t; > 1. We present a new algorithm for computing
one such partition, which improves on previous results in the literature, being
both simpler and more efficient.

1. Introduction

This work focuses on the INDUCED STAR PARTITION problem, first introduced
by [Saito and Watanbe 1993] and [Kelmans 1997]. Let G = (V, E) be a connected undi-
rected graph. Formally, an induced star partition of G is a partition {V1, ..., Vi } of V/(G)
wherein each V; is a star, i.e., G[V;] is isomorphic to a complete bipartite graph K 4, for
some t; > 1. The aforementioned papers prove that such a partition exists if and only if
the graph is not an odd block graph, i.e., a graph whose blocks are all odd-sized cliques.
The blocks of a graph are its maximal biconnected subgraphs.

Other variants of the problem have also been studied in the literature. Namely,
[Babenko and Gusakov 2013] reduced the non-induced version of STAR PARTITION to
network flows, thus developing a O(v/V E) solution. Furthermore, [Shalu et al. 2022]
proved that determining whether a graph has an induced star partition with at most k parts
is NP-complete for several graph classes. Later, [Divya and Vijayakumar 2024] offered
additional results on split graphs. Nevertheless, it is worth noting that the definition of an
induced star partition in those two papers is slightly different from ours. In particular, they
consider a single vertex to be a K j star, and therefore a partition of size |V/| can be cons-
tructed for any graph. In contrast, our work follows the definitions of [Kelmans 1997],
where both sides of the bipartite graph must be non-empty.

From [Saito and Watanbe 1993], one can derive an O(V E) algorithm for finding
an induced star partition. [Kelmans 1997] also proposed a solution, though it is challen-
ging in both implementation and analysis. Our study presents a simpler approach to the
problem by exploring its ties to maximum matchings, which have been broadly used in
algorithmic graph theory [Lovédsz and Plummer 2009]. Our method has a time comple-
xity of O(v/V E) for general graphs and O(V + E) for graphs with bounded maximum
block size.

2. Our results

Our algorithm for finding an induced star partition works as follows. For each
block of the graph, we compute its maximum matching using any of the well-
known methods [Edmonds 1965, Micali and Vazirani 1980, Gabow and Tarjan 1989,



Blum 1990]. Next, in linear time, we modify each of the matchings independently and
then combine them to obtain an induced star partition. Note that articulation points are
shared between blocks. For general graphs, the overall time complexity is O(\/V E), as-
suming maximum matching algorithm of [Micali and Vazirani 1980] is used. Note that
this is the only superlinear step in our procedure. This implies that, for graphs in which
the maximum block size is bounded by a constant, or when matchings of the blocks can
be found in linear time, the whole algorithm is linear. We formalize this in Theorem 1.
Theorem 1. Let G = (V, E) be a graph and { By, ..., By} its set of blocks. Assume that
G is not an odd block graph. For every i € [k], let M; be a maximum matching of G|B;].
Given G and the set of matchings { My, ..., M.} as input, there is an O(V + E) algorithm
for computing an induced star partition of G.

The remainder of this section provides a proof outline of Theorem 1. As G is not
an odd block graph, some of its blocks are not odd cliques. For each such block, say
B;, we compute an induced star partition of G[B;]. For convenience, let B = B; and
M = M;. We build an induced star partition of B with size |M|.

Initially, we place each edge xy € M in its own part P,,. Now, consider a vertex
v & V(M). We know that N(v) C V(M), by the maximality of M. Let x € N(v) such
that zy € M, buty ¢ N(v). Such a vertex may not exist, but assume that it does. We
place v in part P,, and claim that applying this construction iteratively yields an induced
star partition of B. To prove this, let zy € M be an arbitrary edge. Seeing that M is
maximum, P,,\{x,y} must be an independent set. Moreover, there cannot be a,b € P,,
such that za, yb € E(B); otherwise, we could find a larger matching by exchanging zy
with za and yb. Finally, our construction guarantees that no v € F,, is adjacent to x,y
both. This is sufficient to prove that the subgraph induced by P, is a star.

Figure 1. A Wd(3, n)-windmill. The thick edges belong to the matching /7.

In our construction, we assumed that, for all v ¢ V (M), M does not contain a

perfect matching of N(v). Suppose that is not the case, i.e., there is at least one vertex
for which this rule does not apply, as depicted in Fig. 1. This structure is known as a
Friendship Graph, or a Wd(3, n)-windmill [Gallian 2022]. Our task is to find an alterna-
tive maximum matching M’ without any such windmills. This can be done in linear time,
with the help of the following lemmas.
Lemma 1 (Windmill Propagation). Let v be the center of a windmill w.r.t. M, and consi-
der an edge vw € M such that vu,vw € E(B). We obtain a new maximum matching M’
by taking M and replacing ww with vu. Then, (I) v is not the center of a windmill w.r.t.
M'. Furthermore, suppose there exists an v € V(B), x # w, such that x is not the center
of any windmill w.r.t. M. In this case, (II) x cannot be the center of a windmill w.r.t. M.

Proof. To prove (1), observe that, since vu € M’, v is not the center of a windmill w.r.t.
M'’. Regarding (II), let x € V(B) be such that x is not the center of a windmill w.r.t M,



but is one w.r.t. M’. This vertex x must be adjacent to both v and u, and cannot belong
to V' (M'). However, notice that x € V(M ); otherwise, we could have added vx to M,
contradicting its maximality. Because V/(M)\V (M') = {w}, no vertex x # w exists. [

Lemma 2 (Windmill Isolation). Let x, y be the centers of two distinct windmills w.r.t. M.
It must hold that the distance between them, in edges, is at least 3.

Proof. We know that dist(x,y) > 1, since M is maximal. Now, assume dist(x,y) = 2.
Let z € V(B) such that 2z, yz € E(B). Since x, y are both centers of a windmill, it must

hold that zr € M for some r € V(B). Moreover, xr,yr € E(B). By swapping zr with
xz and yr, we obtain a larger matching; a contradiction. [
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Figure 2. Propagation of a windmill along the path (a, b, ¢).

From Lemma 1, we deduce that we can propagate a windmill along a path, as
shown in Fig. 2. After exchanging an edge and eliminating the windmill centered at the
start of the path, we either reduce the total number of windmills in the graph, or we create
a single new windmill centered at the next vertex in the path. With this in mind, let
C' be the set of vertices which are the center of a windmill at any given time. Assume
that initially |C| > 2. Consider a spanning tree of B, which can be obtained in linear
time [Kruskal 1956]. First, we root the tree at a vertex v € (. Next, we process each
of the vertices one by one, in order of depth, starting with the leaves. In each step, if the
given vertex belongs to C, we either remove the windmill or propagate it to the immediate
ancestor in the tree. We continue with this process until we reach the root. From Lemma 2,
we can conclude that, at this point, the only windmill that remains is centered at the root.

We can now assume that C' = {v} for some v € V' (B). Let d(v) > 2 be the degree
of v in B; if d(v) = 2, then, given that B is not a triangle, we can propagate the windmill
to a neighbor u with d(u) > 2. Without loss of generality, let W = {a, b, ¢,d,v} C N|[v]
with ab, cd € M. We omit the proof of the following lemma for brevity.

Lemma 3. Suppose that B[W] is not a clique and that {ab, cd} is not an induced mat-
ching. Then, the windmill can be eliminated by exchanging edges within B[W| alone.

We now consider the following cases independently: (1) d(v) < n — 1 and
(2) d(v) = n — 1. First, suppose (1). Let x € V(B) such that dist(z,v) = 2 and
xb € F(B). We aim to assume there is a path P from z to d that does not pass through
v, b, ¢, or a (see Fig.3). Suppose the contrary, i.e., such a path P does not exist for our
chosen . Because B is biconnected, {ab, cd} is not an induced matching. Lemma 3
then allows us to assume B[IW] = K. Additionally, there must be a path P’ from a to x
that avoids b. If vy € P’, we find a suitable 1/ by changing our choice of cd to include y.
Conversely, if v ¢ P’, we alter the matching M: {ab, cd} is replaced with {ac, bd}, and
we modify the labels accordingly. Thus, we can assume a path P exists as we defined.



Figure 3. A windmill centered on v. The dotted line is a path from d to z.

From Lemma 1, we can propagate the windmill along P. If it reaches x, we
deduce that both edges ax and bx must exist. From there, we proceed as shown in Fig. 4.
Case (2) is similar: since B is not an odd clique, we assume there exists a 11 such that
B[W] is not a clique. Then, we show that there is a path connecting two non-adjacent
vertices of 1/, and propagate the windmill along this path so that it disappears.
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Figure 4. A sequence of operations to make the windmill from x disappear.

Lastly, consider the block-cut tree decomposition of G [Manber 1998]. Root it
at one of the blocks which is not an odd clique. Then, for each block that is an odd
clique, remove the edges from the articulation point connecting to its immediate ancestor.
Finally, we process each block in decreasing order of depth. At each step, the partition of
the current block might conflict with that of the children at the articulation points. This
leads to a simple case analysis, allowing us to successfully merge the partitions.

3. Future Work

INDUCED STAR PARTITION is a specific case of a more general problem of interest for
us. Let @, K € N, G = (V, E) be a connected graph, and ¢ : V' — [K]| be a K-coloring
of the vertices such that there is no connected monochromatic subgraph of size at least
(). Let us define the following operation: choose a vertex v and set ¢(v) to a new value
from [K] \ ¢(v). If after the operation there is a maximal connected monochromatic
subgraph of size at least (), we must immediately remove it from the graph. The decision
version of the problem asks whether it is possible to make the graph empty by using this
operation any number of times. Suppose that () = 2 and that there is a color ¢ € [K]
such that Vv : ¢(v) # c. In this scenario, determining a sequence of operations to make
the graph empty is equivalent to finding an induced star partition. A follow-up study
would involve determining which instances can be reduced to this special case, as well
as broader analyses of how the problem behaves with different graph classes. We are
particularly interested in studying its complexity for graph classes where the it does not
admit a trivial answer.
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