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Abstract. The Generalized Target Set Selection Problem (GTSSP) models the
spread of information in social networks and is known to be NP-hard. We
propose an integer programming formulation for the GTSSP, together with a
promising Lagrangian relaxation approach. By relaxing a subset of constraints,
we obtain a decomposable structure in which the relaxed problem can be split
into a series of independent subproblems. Each subproblem corresponds to an
instance of the Minimization Knapsack Problem, a weakly NP-hard problem
solvable in pseudopolynomial time using a dynamic programming algorithm.
We describe the decomposition scheme and discuss its computational complex-
ity, highlighting its potential for use within an exact algorithm.

1. Introduction

In the age of social media, word-of-mouth marketing plays a crucial role for promoting
products through interpersonal influence. For example, when a gaming company releases
a new title, it may strategically engage select individuals to initiate a cascading spread of
information. This process, driven by posts and shares on social networks like Instagram
and X (formerly Twitter), introduces important optimization challenges.

The primary objective is to minimize the cost of recruiting initial spreaders while
ensuring that information reaches a broad audience. This scenario can be formulated as
a combinatorial optimization problem on graphs, where vertices represent individuals,
edges indicate influence relationships, and information propagates through the graph.

In this paper, we investigate the Generalized Target Set Selection Problem
(GTSSP) [Ravelo and Meneses 2021]], a generalization of the well-known Target Set Se-
lection Problem (TSSP) [Chen 2009], an optimization problem that models the spread of
influence in social networks. To the best of our knowledge, this version of the problem
has not been studied before.

The TSSP is NP-hard and has inspired a collection of optimization prob-
lems that have been extensively studied [Ackerman et al. 2010, [Shakarian et al. 2013,
Spencer and Howarth 2013, |Chen et al. 2013} IL1 et al. 2018, Raghavan and Zhang 2019,
Pereira et al. 2021, |Pereira and de Rezende 2023| [Pereira et al. 2024]. Specifically, the
GTSSP extends the TSSP by incorporating more realistic characteristics: non-reciprocal
influence relationships; varying degrees of influence between individuals; different costs
for recruiting seminal spreaders; and rewards for influencing individuals.



The GTSSP is defined as follows. Consider a portion of a social network rep-
resented by a directed graph D = (V, E), where V' and FE are the sets of vertices and
directed edges (arcs) in D. Each vertex represents an individual, and each arc (u,v) € E
indicates that u can influence v during propagation. The in-neighborhood of each v € V'

is denoted by Ni,(v) = {u €V : (u,v) € E}.

A set of vertices chosen to initiate the propagation is called a target set, containing
the rargets. As targets transmit information to their out-neighbors, some vertices may
become influenced enough to forward it, triggering propagation. Each vertex assumes
one of two states: inactive, if it has not been influenced yet, or active, if it is a target or
has received enough influence from its in-neighbors to forward the information.

The cost of selecting a vertex v as a target is ¢, € Z*, and the cost of a target set
S C Visgivenby cg = ) ¢ Cy. The threshold of v, denoted by t,, € Z*, represents the
amount of influence v must receive before it can spread the information. Also, the reward
of v, denoted by r, € Z™", indicates the reward obtained when v is active. The weight of
an edge (u,v) € E, denoted by w,,, € Z*, quantifies the influence exerted by « on v.

Each time interval in a propagation is represented by a round 7 € N, and the
subset of /' containing the active vertices in round 7 is denoted by S;. In round 7 = 0, all
vertices are inactive except for the targets, i.e., 5o = S. For every 7 > 1, the set of active
vertices updates as S, = S, U{v e V\ S, : ZueNm(v)mST_l Wy > t,}. It follows
that S, C S, forall 7 > 0.

A non-target v is activated in round 7 > 1 if v € S, \ S;_;. The propagation
terminates in the earliest round p in which no vertex is activated. If 3 .o 7, > ¢, where
g € Z* is a given constant representing the required reward, then S is a feasible target
set; otherwise, it is infeasible.

Problem 1 (GTSSP). Given an instance (D, c,t,w,q), where D = (V, E) is a directed
graph, and ¢ -V — Z%,t .V — Z*, and w : E — Z* are cost, threshold, and weight
functions, respectively, and q is the required reward, the objective is to find a feasible
target set of minimum cost.

Since the TSSP is a special case of the GTSSP, where (u,v) € Eiff (v,u) € E,
Wy, = 1 for all (u,v) € E, ¢, =1, = 1forallv € V, and ¢ = |V|, it follows
that GTSSP is NP-hard as well. The GTSSP was originally introduced in a study by
Ravelo and Meneses (2021) [Ravelo and Meneses 2021]], where they proposed an inte-
ger programming (IP) formulation, along with a Lagrangian relaxation approach and a
subgradient-based heuristic.

Our contributions. In this work, we propose:

e anew IP model for the GTSSP;
* a promising Lagrangian relaxation method for this new formulation;
* aconjecture on the strength of the proposed relaxation versus the linear relaxation.

2. A New Lagrangian Relaxation for the GTSSP

First, we introduce a novel IP formulation for the GTSSP, denoted by TP-GTSSP. Let
{zy : v € V}, {Yup : (u,v) € E} and {a, : v € V'} be sets of binary variables, where
x, = 1iff v is a target, vy, , = 1 iff u transmits influence to v during propagation, and



a, = 1iff v is active at the end of the propagation. Let C(D) be the set of all cycles in D,
where each C' € C(D) is a set containing directed edges that form a cycle in D.

The objective function minimizes the cost of the target set. Constraint
guarantees that the required reward is attained. Constraints (3]) ensure that if a vertex v is
a target, then v is active at the end of the propagation. Constraints (4)) prevent the targets
from being influenced by any of their in-neighbors. Constraints (3] force every vertex v
that is activated during the propagation to receive an amount of influence of at least ¢,,.
Lastly, constraints (6] forbid the occurrence of a circular sequence of influences during
the propagation by avoiding directed cycles in the directed subgraph of D induced by
each (u,v) € E with y,,, = 1.

min ), oy CoTy (1)
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Ty < Gy Yo eV 3)

IP-GTSSP oty < 1 Ywv) € B o
ZueNm(v) Wy wYuw > to(@y — o) YveV 5)
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We consider constraints (6]) to be the ones that make it difficult to find an optimal
solution in IP-GTSSP. Let {\¢ : C € C(D)} be a set of non-negative Lagrange multi-
pliers. By dualizing (6]), we obtain the Lagrangian relaxation denoted by LR-GTSSP.

min Y ey oy + Yoy A (Swmectu = (IC1=1D) (D)
s.t. constraints (2)), (3)), @) and (©).

Define K = > ccp) Ac(|C| — 1) and, additionally, for each (u,v) € E, de-
fine Kuy = D cee(p)(uvyec Ac- Note that these are non-negative constants. Then, the
objective function (7) can be rewritten as min ), ¢, x, + Z(w) ek KuwYuw — I More-
over, since K is constant, it can be omitted from the objective function. We decom-
pose LR-GTSSP into |V| independent subproblems, one for each v € V, denoted by
SUB—-MODEL. Next, we show how to solve SUB—MODEL for a fixed vertex v.

LR-GTSSP

min ¢,y + ZuENm(v) KuwYu,v 3
Ty < Gy )
SUB-MODEL
Ty + Yup < 1 Yu € Nin(U) (10)
ZueNm(v) Wy,oYu,p = ty(ay — xy) (11)

If a,, = 0, then an optimal solution for SUB-MODEL satisfies x,, = 0 and y,,,, = 0
for each (u,v) € Nj,(v). In this case, the value of the objective function (8] is zero. On
the other hand, if a, = 1, then we can have either x, = 1 orz, = 0. If z, = 1, an
optimal solution for SUB-MODEL satisfies y,,, = 0 for each (u,v) € Niy(v). In this
case, the value of the objective function () is ¢,. It remains to analyze the case where
a, = 1 and z, = 0. In this scenario, an optimal solution for SUB-MODEL satisfies
Y ue Nin () WuwYu = Ty while Y ue Nin(v) Fu0Yu,w 18 Minimum.

To meet these conditions and determine optimal values for the y variables, we
solve an instance of a variant of the Knapsack Problem, named the Minimization Knap-



sack Problem (MinKP) by Kellerer et al. [Kellerer et al. 2004]. In the MinKP, we are
given a collection of items, each with a profit and a burden, and the goal is to select a
subset of these items such that the total profit is at least a given required value while min-
imizing the total burden. Here, t, represents the required profit, and each arc (u, v) with
u € Ni,(v) corresponds to an item, where w,, ,, is its profit and &, is its burden.

The MinKP is weakly NP-hard, and an exact dynamic programming algorithm
exists for this problem, running in O(« - ) time, where « is the number of items and
is the sum of the profits of the items minus the required profit [Kellerer et al. 2004]. This
algorithm can be applied to solve SUB-MODEL in the case where a, = 1 and z, = 0 in

O (INu®)] + (e o) e — o)) time.

Thus, when a, = 1, there are two possible solutions: one for x, = 1 and another
for z, = 0. We then evaluate these solutions based on their objective values accord-
ing to objective function (§)) and select the one that provides the optimal solution for
SUB-MODEL in the case where a, = 1.

Now, we return to the LR-GTSSP model, where we need to determine which
vertices must be active at the end of the propagation. Thus, we must decide whether
a, = 0 or a, = 1 for each vertex v while respecting constraint (2)) and minimizing the
objective function (7). To tackle this problem, we solve one final instance of the MinKP,
where ¢ represents the required profit, and each vertex v € V' corresponds to an item, with
7, as its profit and the optimal value for SUB-MODEL (when a, = 1) as its burden. This
instance of the MinKP can be solved in O (|V| - (},c rv — ¢)) time.

Next, we provide insights into the strength of the proposed Lagrangian relaxation
compared to the linear relaxation. If Conjecture [1| holds, then there exist A multipliers
such that the LR-GTSSP yields a stronger lower bound for the ITP-GTSSP model than
the linear relaxation [Fisher 1981], leading to Conjecture

Conjecture 1. No integer optimal solutions exist for LR-GTSSP when the integrality
constraints are relaxed.

Conjecture 2. There exist non-negative multipliers \¢ for each C' € C(D) such that the
optimal solution value for LR—GTSSP is strictly greater than the optimal solution value
for the linear relaxation of TP—-GTSSP.

3. Conclusion and Future Work

In this work, we introduced an IP model for the GTSSP, along with a Lagrangian re-
laxation. We showed how to solve this relaxation exactly by decomposing the formula-
tion into a series of sub-models, each corresponding to an instance of the Minimization
Knapsack Problem. We conjecture that there exist Lagrange multipliers for which the
relaxation provides stronger dual bounds for the TP formulation than its linear relaxation.

As the next steps, we aim to prove Conjectures (1| and Additionally, we
plan to develop an algorithm to compute Lagrange multipliers for the LR-GTSSP
model that yield the tightest bounds. A promising approach is the subgradient
method [Zhao et al. 1999], which iteratively updates the multipliers based on constraint
violations. By fine-tuning the step size and exploring alternative strategies, we aim to
accelerate convergence and improve bound quality.



Finally, we plan to evaluate our approach through computational experiments on a
diverse set of instances. In particular, we aim to compare the dual bounds for the GTSSP
with those reported by Ravelo and Meneses (2021) [Ravelo and Meneses 2021]], obtained
via their relaxation of a different TP model for the problem. The experimental results will
offer insights into the practical effectiveness of our method and guide further refinements.
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