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Abstract. This paper presents a method based on Mixed-Integer Linear Pro-
gramming (MILP) to solve the Super-Colored Path Problem. Given a digraph
D with colored vertices, and for each vertex v in D, we want to find the maxi-
mum number of distinct colors that a simple path starting from v can take. The
proposed method draws resemblance with the classic formulation for solving
the Traveling Salesman Problem, in particular the presence of subtours.

1. Introduction

There are a variety of applications for vertex-colored graph problems. One such prob-
lem is the Super-Colored Path Problem (SCPP) [Franco and Vendramin 2021] which is
defined as follows. Given a vertex-colored digraph D, determine for each vertex v the
maximum number of colors on a directed path starting at v. This problem is NP-hard
and was defined to support the development of a parallel algorithm for finding chromatic
rings in kinship networks [Vendramin 2021]. In this setting, some properties of indi-
viduals are represented by colors and chromatic rings can be considered in the analysis
[Franco and Vendramin 2022].

Integer or linear programming is commonly used to solve problems in graph the-
ory, such as graph layout mapping [Gurski 2015] and map coloring with varied prereq-
uisites [Yao 2023]. A method was previously proposed to solve the SCPP restricted to
DAGs, based on an integer programming model that computes the value for a given ver-
tex [Ataide et al. 2024]. Here, we extend the model for general digraphs, drawing on the
literature related to the Traveling Salesman Problem (TSP), with a key similarity being
the occurrence of subtours, paths that are not connected to the solution path but may be
incorrectly counted as part of the solution. This relationship between the proposed model
and TSP formulations allows the use of existing techniques for handling Subtour Elimina-
tion Constraints (SECs). In particular, the sets of SECs known as Miller—Tucker—Zemlin
(MTZ) [Miller et al. 1960] and Dantzig—Fulkerson—Johnson (DFJ) [Dantzig et al. 1954]
have been applied.

Now we describe the problem addressed in this work, which is slightly different
from the SCPP. Given a vertex-colored digraph G = (V, A, K), where V is the set of
vertices, A is the set of arcs, and K is the set of colors, we define super(v) forv € V as
the maximum number of distinct colors that can appear in a simple path starting at v. A
path starting at v is called v-super-colored if it contains exactly super(v) distinct colors.
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In this work, we present a method for computing super(v) for a given vertex v € V. In
contrast, the SCPP requires computing super(v) for all vertices v € V. Therefore, the
SCPP can be solved by applying our method independently to each vertex v € V.

2. Mixed-Integer Linear Programming Model

We begin by defining G, = (V;., A,, K,.) a subgraph of G induced by the vertices and arcs
reachable from 7, excluding arcs that return to r, i.e., arcs of the form (v,7) for v € V.
We then define G|, = (V,/, A\, K,) as a copy of G, augmented with a sink vertex ¢ and
additional arcs, where V| = V U{t}and A" = A, U{(v,t) : v € V. \ {r}}. This sink
vertex is used to enumerate simple paths starting at r.

Letz,, € {0,1}, forall (v,u) € A, be a set of binary variables such that z, ,, = 1
if and only if the arc (v, u) belongs to a simple selected path starting at . The variables
yr € {0,1}, for all k € K., describe the presence of the color k on the selected path.
For a given set V' of vertices, we denote by Vk C V the set of vertices with color k.
Furthermore, let ¢,, € RT, for all (v,u) € A be real variables that represent the order
of arcs on the solution path. Finally, the model is defined as follows:

maximize Z Yk (1)
keK,
subject to Z Tpy =1 (2a)

(rv)eA”L

Y w=1 (2b)
(v,t)eAl

Z Ty < 1, Yo e VI\ {r t} (3a)
(u,w)eAL

Z Ty < 1, Vo e V/\ {r,t}  (3b)
(v,u)eAL

Z Ty = Z Ty Yo e VI \ {r,t} %)
(u,v)€AL (v,u)eAl
YD Ty vk e K. (5a)
veEVE (v,u)EAL

> mu<u Vk e K,,YveVF  (5b)
(v,u)eAlL
Co,u S |V/’xvu \V/(U,U) c A;. (63)

Yoou= D it Y, Tuw YoeV,  (6b)
(v,u)eAl (u,v)€AL (v,u)eAl
Crv = Tpy Y(r,v) e A (6¢)

Alternatively, (6a), (6b), and (6¢) can be replaced with a single constraint that
reflects a DFJ formulation in an Integer Program [Dantzig et al. 1954]. Similarly to the
TSP, these restrictions scale in number exponentially, but can be added using branch-and-
cut (lazy constraints) solver implementations, which makes them applicable. Take the set
C' to be the set of all cycles within G,



46° Congresso da Sociedade Brasileira de Computacéo (CSBC 2026), Gramado/RS
11° Encontro de Teoria da Computacéo (ETC 2026)

>z <|Pl-1 VPeC (7)

(v,u)eP

2.1. Discussions on Model Correctness

The set (6a)-(6¢) eliminate subtours from the solution space using a technique similar
to the one found in traditional MTZ formulations for the TSP problem, with variables
c that can be real or non-negative integers as in [Miller et al. 1960]. The constraint 6a
establishes an upper limit to the order variables, while also correlating order variables
with the path selection variables, since if z,;, = 0 the right-hand side is 0. (6b) ensures
an ever-incrementing order to the variables in a given path, and (6¢) creates a starting
value for the order variables.

Theorem 1. The constraints (6a)-(6¢) eliminate subtours from sets x and c of variables
that follow them.

Alternative to the above, (7) eliminates subtours on a case-by-case basis. Sub-
tours only occur when there are cycles in our graph, thus by restricting the selection
of variables to explicitly not include an entire cycle, for all the cycles in our graphs,
eliminates subtours.

Theorem 2. Constraint (7) eliminates subtours from a set of binary variables x.

Constraints (2a)-(3b) relate to path selection, with (4) acting as a flow conserva-
tion constraint, while (5a) and (5b) to the colors present in the selected path. Thus, with
the elimination of subtours from our solution space using Theorem 1 or 2, we can use
these constraints to enumerate all simple paths outgoing from r.

Theorem 3. Given any set of binary variables x conforming to (2a)-(4) in G,., there is a
corresponding simple path starting from r. Conversely, for any simple path starting from
r, there is a set of variables x that conform to the same constraints and correspond to that
path (for |V| > 1).

The pair (5a) and (5b) enforce the selection of a set of y binary variables only to
colors present in the path, such that super(r) = > yy.
keK,
Theorem 4. A set of binary variables x that conform to (2a)-(3b) and binary variables
y that conform to (5a) and (5b) will select colors if and only if there are vertices that are
part of the selected path.

Given all this, taking variable sets z, y, and c that follow (2a)-(6c¢) (or alternatively
(7)) in GG, and using the objective function 1, the path formed by the edges (a, b) in which
Tqp = 1, except for (a, t), is a r-super-colored path and the value of the objective function
is super(r).

3. Final Remarks

The models were tested in comparison with a baseline algorithm for general digraphs
found in [Ataide et al. 2024]. Due to the lack of real use-case instances with cycles, the
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set was randomly generated using the NetworkX 3.2.1 Python 3 package, using the
“binomial graph” algorithm with the parameter p = 0.30, creating graphs with an average
V]

density of 30%. The graphs were then randomly colored with || = min([F], 10).

The algorithms were implemented in the Python 3 programming language, run-
ning CPython 3.13.5. For the linear programs, the solver of choice was the academic
version of Gurobi Optimizer 12.0.3, using a machine with 8 gigabytes of RAM and an
AMD Ryzen 5700U 8-core processor. To provide a better comparison between the linear
programs, the pre-solving parameter was turned off. A set of 10 graphs was generated for
each size, and the average of their execution time was taken. The code and graphs used
are available online at https://codigos.ufsc.br/rafael.marian/etc26.

Table 1. Execution time for solving digraphs with the combinatorial algorithm in
[Ataide et al. 2024], the MILP with the set (6a)-(6¢c), and with (7).

Vertex Count | Combinatorial | Model (DFJ) | Model (MTZ)
10 0.03s 0.07s 0.07s
15 5.68s 0.14s 0.13s
20 * 0.21s 0.30s
30 * 0.70s 1.98s
40 * 2.34s 5.88s
50 * 4.58s 11.74s
60 * 7.82s 26.38s
70 * 14.27s 50.72s
80 * 21.45s 89.94s

* The process was killed due to memory usage before being finished.

Similar to the corresponding TSP implementation of these models, there is a per-
formance disparity between the DFJ and MTZ model. This is likely due to the higher
amount of cuts added in by the DFJ model, drastically reducing the amount of simplex
iterations required, thus reducing necessary computational time. Graph structures that
show particular weaknesses to each model were not explored in this work.

In conclusion, proposed model is faster than a naive implementation of a com-
binatorial algorithm to solve this problem on generalized digraphs, and uses much less
memory on a standard MILP solver. Future work should focus on finding further real-
world applications of the problem, and revising existing MILP literature to apply known
optimization techniques.
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A. Proofs

Theorem 1

Proof. Assume that there is a subtour C' = (vy, ..., v,, V) present in the variable set x.
Considering the set of real variables c, take any value that follows (6a) and see from (6b):

Cvg,v1 > Copvo T 1
Cuy vz > Cog,or T l = Cuy 09 > Copvg T 2...

e Copg 2 Copron T 1 = Copwy = Copwp T 10

a contradiction. O

Theorem 2

Proof. Assume that there is a selected subtour C' = (vy, . .., Uy, vp). Then, z,,,, = -+ =
Tu, 1wn = Tonwo = 1. As such, we have for the application of (7) on C":

Lo, +oee +xvn71,vn +‘rvn7710 <n+1-1
n+1<n

a contradiction. O

Theorem 3

Proof. Take any v, in that (r,vy) € E, and in which (2a) applies, so that we have z,.,, =
1. Then, with any neighbor v of vy, we can assign x,,, = 1 to satisfy (4). If v = ¢, we
have constructed the path (r, v, t) that corresponds to the simple path (r, vg). Otherwise,
apply the previous step to v, and follow the same procedure until your path ends in ¢
(which it must because of (2b)). Notice, also, that our chosen v must not be present in the
path because of (3a), and that we cannot simultaneously choose 2 vertices v because of
(3b). Then, you will find a path (r, vy, ..., v,,t) corresponding to (r, vo, . .., v,).

Conversely, choose a simple path P = (r,vy,...,v,), We can assign z,,, = 1,
z,,+ = 1 (satisfying (2a) and (2b)), and then for every ¢ € {0,...,n — 1}, Ty o1 = 1
(satisfying (4)). See that, because P is simple, (3a) and (3b) are respected, since every
vertex only appears exactly once in this path. [

Theorem 4

Proof. Assume that there is some color k£ for which y, = 1, where there is no such v € Vr’“
such that for any v € V, z,,, = 1. See, however, that the left-hand side of (5a) would
equal to 0, and thus we would reach a contradiction. Conversely, suppose v, = 0 but
Ty, = 1, for some v € V,,k See now that in (5b), the left-hand side would equal 1, finding
yet another contradiction. [



