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Abstract. A k-(2,1)-total labelling of a graph G is a function = : V(G) U
E(G) — {0,...,k} such that: 7(u) # w(v) for every uv € E(G); m(uv) #
7(vw) for every pair of adjacent edges uv, vw € E(G); and |7 (uv)—m(u)| > 2
and |m(uwv) — 7w(v)| > 2 for every wv € E(G). The least integer k for which G
admits a k-(2, 1)-total labelling is denoted by \s(G). In this work, we establish
tight upper bounds for \5(G) when G is an indifference graph, according to the
parity of A(G). We also determine the (2, 1)-total number of powers of paths
Pl with n = 2l vertices, a subclass of indifference graphs.

1. Introduction

Let GG be a simple graph with vertex set 1V (G) and edge set F(G). The maximum degree
of G is denoted by A(G), or simply A if no ambiguity arises, and any vertex of degree
A'is called a A-vertex. A k-(2,1)-total labelling of G is a function 7 : V/(G) U E(G) —
{0,...,k} such that 7(u) # 7(v) for every uv € E(G); m(uv) # w(vw) for every pair of
adjacent edges uv, vw € E(G); and |r(uv) —m(u)| > 2 and |7 (uv) —w(v)| > 2 for every
wv € E(G). The least integer k for which G admits such a labelling is called (2, 1)-rotal
number of G and is denoted by \5(G).

The (2, 1)-total labelling was introduced by [Havet and Yu 2008] as a variant of
the L(2,1)-labelling, a concept originated in the context of channel assignment prob-
lems [Hale 1980, |Griggs and Yeh 1992]. Havet and Yu established lower and upper
bounds for A (G) of graphs G, proving that A+1 < M\5(G) < 2A+1. These bounds were
subsequently refined: for graphs with A > 2, the upper bound improves to A\5(G) < 2A,
while for graphs with A > 5 that are odd, the bound 2A — 1 holds. Also in their
work, Havet and Yu conjectured that \5(G) < 5 when A < 3 (except for K,), and
A (G) < A+ 3 when A > 3.

A cligue is a subset of pairwise adjacent vertices, and a maximal clique is one
not properly contained in any other. An indifference graph is a graph whose vertices
can be arranged in a linear order such that the vertices of any maximal clique appear
consecutively in the order. This ordering is called an indifference order. Also known as
unit interval graphs and proper interval graphs, indifference graphs constitute a natural
subclass of interval graphs, a foundational class of intersection graphs with deep structural
theory and broad applicability.

In this work, we present tight upper bounds for \5(G) of indifference graphs G,
according to the parity of A: if A is even, then \;(G) < A + 2, with equality when G has

1


https://orcid.org/0000-0002-7858-6481
https://orcid.org/0000-0003-4237-4281
https://orcid.org/0000-0002-6177-403X

46° Congresso da Sociedade Brasileira de Computacéo (CSBC 2026), Gramado/RS
11° Encontro de Teoria da Computacéo (ETC 2026)

three pairwise adjacent A-vertices; otherwise \s(G) < A + 3, with \5(G) = A +2 when
A € {5,7}. These results verify the conjecture of Havet and Yu for indifference graphs.
In particular, for power of paths P! with n € {21 + 1,2l + 2}, [Omai et al. 2022]] proved
that A\ (P!) = A + 1; for n > 21 + 3, these authors also showed that \5(P!) = A + 2. In
this work, we complement this result by showing that, for n = 21, A\5(P!) = A + 2 when
| =2,and \5(P!) = A + 1 when [ > 3.

2. Results

We start this section by stating two results important to our work. In Proposition [I]
we provide a lower bound for the (2,1)-total number of graphs having three pair-
wise adjacent A-vertices whose proof was omitted due to space limitations. Theo-
rem 2| [Chia et al. 2013, [Havet and Yu 2008] establishes A, (K,).

Proposition 1. Let G be a simple graph. If G has at least three pairwise adjacent A-
vertices, then \s(G) > A + 2. O

Theorem 2. If K,, is a complete graph with n > 2, then: \5(K,,)) = A+ 3 ifn =4 or
n > 10 is even; and \5(K,)) = A + 2 otherwise. O

Now, we present upper bounds for the (2, 1)-total number of indifference graphs,
depending on the parity of A, identifying the cases in which these bounds are tight.

Theorem 3. Let G be an indifference graph with maximum degree A. Then:

(i) If Aisevenor A € {5,7}, then \5(G) < A + 2; moreover, if G has at least three
pairwise adjacent A-vertices, then \5(G) = A + 2;

(ii) If Ais odd and A ¢ {5,7}, then \5(G) < A + 3.

Proof. Let GG be an indifference graph with indifference order vy, vy, . .., v,_1. Consider
the complete graph K ()41 with vertex set V (Ka)4+1) = {uo, u1,...,ua) }, and let
7 be a k-(2, 1)-total labelling of K'a(g)+1, with k& determined by Theorem 2, according to
the parity of A(G) + 1. Define f: V(G) = V(Ka)+1) as f(vi) = Wimod (a(G)+1) for
0<i<n-—1.

We claim that for every edge v;v; € E(G), we have f(v;) # f(v;). Indeed, if
f(vi) = f(v;), then j = ¢ (mod A(G) + 1), so |i — j| > A(G) + 1. Butin an in-
difference graph, each vertex is adjacent only to vertices within distance at most A(G)
in the indifference order, so v; and v; would be nonadjacent, a contradiction. There-
fore, the following function is well-defined: 7: V(G) U E(G) — {0,1,...,k} given by
m(vi) = 7(f(vi)) and 7(viv;) = 7(f (vi) f (v;))-

We now verify that 7 is a valid (2, 1)-total labelling of . For every edge v;v; €
E(G), the inequalities |7 (v;) — w(v;v;)| > 2 and |7 (v;) — w(v;v;)| > 2 hold since these
labels are inherited from 7. Similarly, no two adjacent edges receive the same label, as
this property is also inherited from 7 without any relabelling. Finally, adjacent vertices
receive distinct labels: if 7(v;) = m(v;) with ¢ # j, then f(v;) = f(v;), and by the claim
above, v; and v; are nonadjacent. Hence 7 is a valid (2, 1)-total labelling of G.

Since 7 is constructed from 7 without any relabelling, the value of k£ equals
ANy (K a(c)+1). We now determine this value according to the parity of A(G) + 1.
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Case 1: A(G) even. By Theorem 2, \5(Ka¢)+1) = A(G) + 2. Hence 7is a (A + 2)-
(2, 1)-total labelling, proving \5(G) < A + 2.

Case 2: A(G) odd. By Theorem 2, for A(G) € {5,7}, we have A(G) + 1 € {6, 8}
and, thus, \5(Ka(@)+1) = A(G) + 2. Therefore, 7 is a (A + 2)-(2,1)-total labelling,
proving A5(G) < A+ 2. If A ¢ {5,7}, then N5(Ka)+1) = A(G) +3,s0mis a
(A + 3)-(2,1)-total labelling, proving \5(G) < A + 3.

Finally, in Case 1, and in Case 2 when A € {5,7}, if G contains at least three
pairwise adjacent A-vertices, then by Proposition 1, \5(G) = A + 2. U

For a simple graph GG, we denote distg(u,v) the distance between u and v in G.
The [-th power of paths P! is the simple graph with vertex set V(P,) and two distinct
vertices u and v being adjacent if, and only if, distp, (u,v) < [. Note that when [ = 1,
graph P! =~ P, and when n < [ + 1, P = K,. Moreover, since powers of paths
are indifference graphs, Theorem |3 provides upper bounds for \}(P!) and, in particular,
generalizes a result from [Omai et al. 2022], as for n > 2[ 4 3, Pfl has three pairwise
adjacent A-vertices and A even. These results are summarized in Corollary

Corollary 4. Let P be the I-th power of paths. Then,

(AP 41, ifne{20+1,20+2);
AP +3, ifn<l+1land (n=4or(n>10even));

AP +2, ifn>2l+3or (l4+1<n<2lwith(noddorn € {6,8}))
or (n <1+ 1withn # 4 and (n < 10 or n odd)).

Ao (P,) =

\

Moreover; if |+ 1 < n < 2l is even and n ¢ {6,8}, then \5(P.) < A(P!) + 3.

Proof. By Theorems[213|and [Omai et al. 2022]. O

The only unsettled instances occur when [ + 1 < n < 2[, n is even, and n ¢
{6,8}; in these cases, general results for indifference graphs yield just upper bounds. In
Theorem [3} for n = 21, we prove that \y(P!) = A +2 when [ = 2; and \y(P!) = A + 1
when [ > 3. In order to prove this result, we fix 7 as the standard (n + 1)-(2, 1)-total
labelling of K, with n odd and V' (K,,) = {uo, ..., u,_1} as defined in [Chia et al. 2013]].

For n = 3, 7(up) = 4, 7(u1) = 2, 7(u2) = 0, 7(uouy) = 0, 7(ujug) = 4, and
T(ugug) = 2. For n > 5, label the vertices of K, as 7(ug) = 0 and 7(u;) =i+ 2 for 1 <
i < n— 1. For the edges of [, define: £} = {t(i1j+1) mod nU(i—j—1) mod n : J € [1, ”T_?’}},
E() = (E6 U {Uoun_g}) \ {u2un_2}; E1 = Ei U {U()UQ}; El = E,Z for 2 S 1 S n — 1;
E, = {U(4j—2) mod nU(4j) modn * J € [1,%]}2 and I, = ({U(4j) mod nU(45+2) mod n -
j € (1,258} U {ugun—s}) \ {uouy—2}. Lastly, 7(e) = 3if e € Eg; 7(e) = 2if e € Ey;

T(e)=i+2ifec E;2<i<n-—1)7(e) =0ife € E,;and 7(e) = life € E, ;.

Theorem 5. Let P!, be a power of paths. If | = 2, then \5(PL) = A + 2; otherwise,
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Proof. Consider P! with n = 2l and | > 2. Let V(P') = {vp,v1,...,v,1}. Since
A =n—1and \o(PL) > A + 1, it suffices to construct a n-(2, 1)-total labelling 7 for
P! to show that \o(P!) = A + 1. For [ = 2, inspection gives \5(P?) > A + 1 while
Figure (left) establishes A5 (P?) = A+ 2; for [ = 3, the result follows from the labelling
in Figure|I] (right).

1 5 5

OEEOANCER ) %@‘5’3@@

o U1 5 U3 o U1 U2 Us

(a) (b)

Figure 1. A 5-(2, 1)-total labelling of P? (left); a 6-(2, 1)-total labelling of P3 (right).

Recalling thatn = A + 1 and A = 2] — 1, for [ > 4, consider 7 the standard n-
(2,1)-total labelling of K,, ;. Define f : V(P!) — V (K, _1) as follows: f(v;) = w_; 1
for0 <i <l—1;and f(v;) = us_o_;forl <i <n—1.Now,letw: V(P YUE(P!) —
{0,1,...,n} be as follows: for each vertex v;, 0 < i < n — 1, let m(v;) = 7(f(v;)); and
for each edge v;v;, 0 < i < j < n—1and |i —j| <, let m(vv;) = 7(f(v:)f(vy)).
Although 7 inherits the properties of a (2, 1)-total labelling from 7, conflicts arise from
v and v, being mapped to the same vertex of /,,_;, namely between the two pairs of
edges: (i) vov; and vyv,_1; and (ii) vov;_1 and v;_1v,_1.

For conflict (i), since f(vg) = f(vn—1) = w1 and f(v;) = ug_o, both edges
vov; and v;v,_1 are mapped to the same edge of K1, forcing m(vov;) = m(vv,_1).
Setting 7(vgv;) = 3 resolves this conflict; it remains to verify that no new conflicts arise.
First, recall that 7(vy) = 7(w—1) = [ + 1 and 7(v;) = 7(ug—2) = 2. Hence, |m(vy) —
m(vov) = [l +1—=3] = |l = 2| > 2 and |7(v;) — w(vovy)| = |20 — 3| > 2 hold
for | > 4. Next, we verify that vyv; is the only edge with label 3 incident with vy and
v in P!. By definition of 7, edges assigned label 3 belong to Fj; in particular, E} =
{U(j+1) mod (21-1)U(—j—1) mod (21—1) : 1 < j < 1 — 2}. Initially, note that there is no j €
[1,l — 2] suchthat! — 1 = (—j — 1) mod (2! — 1); and, for j = [ — 2, we have [ — 1 =
(+1) mod (2 — 1). However, in this last case the edge of K51 is u;_1u;, which would
correspond to vgv,,—s and v,,_1v,_2. Since vyv,,_5 is the only edge incident with vy and
VoUn_2 & E (PfL) the result follows for vy. Consider now v;, correspondent to ug;_o. By
similar arguments, we conclude that an edge with label 3 incident with us;_5 would only
be possible with j = 0 or j = 2] — 3. However, inthiscase,0 <1 <7 <[ —-2<2[ -3
for [ > 4, showing no new conflicts arise.

For solving conflict (ii), we assign 7(v;_1v,_1) = n = 2l. Recall that (v, 1) =
T(Uo) =0and 7T<'Un,1) = T(’U/lfl) ={+1. Hence, |7T<Ul,1) — W(Ulflvnfl)‘ = |0 — 2l| =
2l > 2and |7m(vp-1) — 7(v_1vp-1)] = [l +1—=2]| =1 —1 > 2 hold for I > 4. Now,
we show that, in 7, no edge labelled 2/ is incident with either v;_; or v,,_;. By definition
of 7 edges labelled 2/ belong to Ey—5 = {1 mod (21-1)U(—j—2) mod (21—1) : 1 < j <1 —2}.
By similar arguments used in (i), we conclude that the only edges of Ey o potentially
incident with u;_; occurs when j = [ — 2, yielding edge u;_ou;_1, which corresponds to
v1vo and vyv,_1. Since viv,_; ¢ E(P!), the result follows for v,,_;. On the other hand,
no edge of Fy_, is incident with ug for any j € [1,1— 2] with j > 4. Therefore, the result
follows. ]
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