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Abstract. Let D be a digraph. A collection of disjoint sets of vertices (respec.,
collection of disjoint subdigraphs) H of D and a vertex subset (or subdigraph) Q
of D are orthogonal if every set (respec., subdigraph) H ∈ H contains exactly
one vertex of Q. A well-known result of Gallai and Milgram shows that for
every minimum path partition of a digraph there is a stable set orthogonal to it.
Similarly, Gallai, Hasse, Roy and Vitaver independently proved that for every
longest path of a digraph there is a vertex partition into stable sets (i.e, vertex-
coloring) orthogonal to it. Berge showed that no analogous statements hold
when optimality is required for the stable set or the vertex coloring. In this paper,
we show that this holds if we replace stable sets by induced acyclic subdigraphs.

1. Introduction

We assume that the reader is familiar with common terminology of graphs and di-
graphs [Bondy and Murty 2008, Bang Jensen and Gutin 2008]. Let D = (V,A) denote
a digraph. The underlying graph of D, denoted by U(D), is the simple graph with ver-
tex set V (D) such that u and v are adjacent in U(D) if and only if (u, v) ∈ A(D) or
(v, u) ∈ A(D). A stable set of D is a stable set of U(D). We denote the size of a max-
imum stable set of D by α(D). A path partition of D is a collection of disjoint paths
that covers V (D). The size of a minimum path partition of D is denoted by π(D). We
denote by ini(P ) the initial vertex of a path P . Similarly, if P is a collection of paths,
we denote by ini(P) the set of initial vertices of the paths in P . A collection of disjoint
sets of vertices (respec., collection of disjoint subdigraphs) H of D and a vertex subset
(or subdigraph) Q of D are orthogonal if every set (respec., subdigraph) H ∈ H contains
exactly one vertex of Q. We also say that H is orthogonal to Q and vice versa.

[Gallai and Milgram 1960] showed that for every minimum path partition of D
there is a stable set orthogonal to it.
Theorem 1 (Gallai-Milgram Theorem). Let D be a digraph. For every minimum path
partition P of D, there exists a stable set S of D such that P and S are orthogonal. In
particular, π(D) ≤ α(D).
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One interesting question is if we require optimality on the stable set rather than
the path partition, can we obtain a result similar to Theorem 1?
Question 1. Let D be a digraph and let T be a maximum stable set of D. Is it true that
D contains a path partition orthogonal to T?

[Berge 1982a] observed that the answer to this question is negative by exhibiting
orientations of odd cycles that do not satisfy the desired property. See Figure 1a. Note
that the set {v3, v5} is a maximum stable set of the digraph D depicted, but there is no
orthogonal path partition to it.

(a) (b)

Figure 1. Orientation D of a C5 that is a counterexample to both Question 1 and 2.

A coloring of a digraph D is a coloring of U(D), that is, a partition of V (D) into
stable sets. The chromatic number of D, denoted by χ(D), is the chromatic number of
U(D). We denote by λ(D) the order of a longest path of D. We may obtain dual results
by exchanging the roles of stable sets and paths. In other words, we replace path partition
by (vertex)-coloring and replace stable set by path.

In the 1960s, a result analogous to the Gallai-Milgram Theorem was proved inde-
pendently by [Gallai 1968], [Hasse 1965], [Roy 1967] and [Vitaver 1962].
Theorem 2 (Gallai-Hasse-Roy-Vitaver Theorem). ] Let D be a digraph. For every max-
imum path P of D, there exists a coloring S of D such that P and S are orthogonal. In
particular, χ(D) ≤ λ(D).

Similarly as in the previous case, one interesting question is if we require optimal-
ity on the coloring rather than on the path, can we obtain a similar result?
Question 2. Let D be a digraph and let S be a minimum coloring of D. Is it true that D
contains a path P orthogonal to S?

[Berge 1982a] observed that the answer to this question is also negative. See
Figure 1b. Note that {{v1, v4}, {v2}, {v3, v4}} is a minimum coloring of the digraph D
depicted, but there is no path orthogonal to it.

Motivated by the previous observations and by his study on perfect graphs,
[Berge 1982a] introduced two classes of digraphs, named α-diperfect and χ-diperfect
digraph. A digraph D is α-diperfect if for every maximum stable set S of D,
there is a path partition orthogonal to S and this property holds for every in-
duced subdigraph of D. A digraph D is χ-diperfect if for every minimum color-
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ing S of D, there is a path P orthogonal to S, and this property holds for ev-
ery induced subdigraph of D. The ultimate goal for the classes of α-diperfect di-
graph and χ-diperfect digraphs is to obtain a characterization of these classes in
terms of forbidden induced subdigraphs. Some advance has been made towards
this goal [de Paula Silva et al. 2022a, de Paula Silva et al. 2022b, Freitas and Lee 2022a,
Freitas and Lee 2022b, Sambinelli et al. 2022, de Paula Silva et al. 2025], and it seems
that this is a very hard problem. Many examples of minimal non-α-diperfect di-
graphs and minimal non-χ-diperfect digraphs have been discovered and they do not
seem to have an evident pattern [de Paula Silva et al. 2023, de Paula Silva et al. 2023,
de Paula Silva et al. 2024].

In 1982, [Neumann-Lara 1982] introduced a directed analogue of the usual con-
cept of coloring in a digraph. In this scenario, stable sets are replaced by (induced) acyclic
digraphs. A digraph is acyclic if it does not contain any directed cycle. Let D be a di-
graph. A dicoloring of a digraph is a partition S1, . . . , St of V (D) such that, for every
i ∈ {1, . . . , t}, D[Si] is an acyclic digraph. The minimum t for which D admits a di-
coloring of size t is called the dichromatic number of D and it is denoted by χ⃗(D).
In the early 2000s, this notion was reintroduced by [Mohar 2003, Bokal et al. 2004]
and since then many results analogous to classical results in graph theory have been
proven using the notion of dicoloring [Aboulker et al. 2021, Picasarri-Arrieta 2024b,
Kawarabayashi and Picasarri-Arrieta 2025]. We refer the reader to the PhD thesis of
[Aubian 2023] and [Picasarri-Arrieta 2024a] for a more complete overview of the topic.

Since every stable set corresponds to an acyclic digraph, Theorems 1 and 2 are
trivially true if we replace stable sets by induced acyclic subdigraph and, coloring by
dicoloring, respectively. It is natural to ask, then, what happens if we make the same
change in Questions 1 and 2.
Question 3. Let D be a digraph and let T be a maximum induced acyclic subdigraph of
D. Is it true that D contains a path partition orthogonal to T?
Question 4. Let D be a digraph and let S be a minimum dicoloring of D. Is it true that
D contains a path P orthogonal to S?

It turns out that this change makes both problems much simpler. In this paper, we
give affirmative answers for both questions.

2. Answering Questions 3 and 4
Before we present our results, we need some auxiliary concepts. Let G be a graph, let
X ⊆ V (G), and let M be a matching of G. We say that M covers X if every vertex of X
is incident to some edge of M . If S ⊆ V (G), we denote by NG(S) the set of neighbors of
S in G. When G is clear from the context, we write simply N(S). The following theorem
is a classical result in Graph Theory, due to [Hall 1987].
Theorem 3 (Hall’s Theorem). A bipartite graph G[X, Y ] has a matching that covers X
if and only if |N(S)| ≥ |S| for all S ⊆ X .

If D is a digraph and X1, X2 ⊆ V (D) are disjoint sets of D, then we denote by
D[X1, X2] the bipartite subdigraph of D with vertex-set X1 ∪X2 and arc-set containing
all arcs of D between X1 and X2. A matching of a digraph is a matching of its underlying
graph. We say that M ⊆ A(D) is a directed matching in D[X1, X2] if M is a matching
in U(D[X1, X2]) and all arcs of M are directed from X1 to X2. Moreover, we say that M
covers X1 (respec., covers X2) if M covers X1 (respec., covers X2) in U(D[X1, X2]).
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Lemma 1. Let D be a digraph and let T1 be a maximum induced acyclic subdigraph of
D. If T2 is an induced acyclic subdigraph of D − V (T1), then there exists a directed
matching covering V (T2) in D[V (T1), V (T2)].

Proof. Let X1 = V (T1) and let X2 = V (T2). Let D′ be the subdigraph of D with vertex
set X1 ∪ X2 and containing only the arcs of D that are directed from X1 to X2. Let
G = G[X1, X2] = U(D′). Note that if G[X1, X2] has a matching that covers X2, then
there is a directed matching in D[X1, X2] that covers X2 and the result follows. Towards
a contradiction, assume that such a matching does not exist. Then, by Hall’s Theorem,
there exists a subset S ⊆ X2 such that |S| > |NG(S)|. Also note that S ∪ (X1 \NG(S))
induces an acyclic subdigraph of D. However, |S ∪ (X1 \NG(S))| > |X1| = |V (T1)|, a
contradiction.

Now we prove Theorem 4 which gives an affirmative answer to Question 3.
Theorem 4. Let D be a digraph and let T be a maximum induced acyclic subdigraph of
D. There exists a path partition P of D such that ini(P) = V (T ).

Proof. The proof follows by induction on |V (D)|. If T = D, then the path partition
consisting of |V (D)| trivial paths satisfies the desired property. So we may assume that
T ̸= D. Let T ′ be a maximum induced acyclic subdigraph of D − V (T ). By induction
hypothesis, there exists a path partition P ′ of D − V (T ) such that ini(P ′) = V (T ′). By
Lemma 1, there exists a directed matching M covering V (T ′) in D[V (T ), V (T ′)]. Let Q
be the set of trivial paths consisting of every vertex of T that is not covered by M . Let
R be the set of disjoint paths obtained from P ′ by extending each path P ∈ P ′ with the
arc of M incident to ini(P ). Then P = R ∪ Q is a path partition orthogonal to T and
ini(P) = V (T ). This finishes the proof.

Now we prove Theorem 5 which gives an affirmative answer to Question 4.
Theorem 5. Let D be a digraph and let S be a minimum dicoloring of D. Then there
exists a path P of D orthogonal to S.

Proof. Let t = χ⃗(D) and let S = {S1, . . . , St} be a minimum dicoloring of D. Let
F = {(u, v) ∈ A(D) : u ∈ Si, v ∈ Sj, i < j}. Note that since each D[Si] is acyclic,
D − F is also acyclic. Consider the subdigraph D′ = (V (D), F ). Suppose first that D′

has a path P of order t. Then clearly P is a path orthogonal to S. So we may assume that
the longest path of D′ has order at most t − 1. By Gallai-Hasse-Roy-Vitaver Theorem,
χ(D′) ≤ t−1. Let C = {C1, . . . , Cχ(D′)} be a minimum coloring of D′. Since each color
class Cj is a stable set in D′, the arc set of D[Cj] contains no arc of F and, so D[Cj] is
a subdigraph of D − F . This implies that D[Cj] is acyclic. Hence, {C1, . . . , Cχ(D′)} is a
dicoloring of D of size smaller than t, a contradiction.

[Linial 1981] proposed two generalizations of Gallai-Milgram Theorem and
Gallai-Hasse-Roy-Vitaver Theorem that use a positive integer k as a measure of opti-
mality for the path partition and the coloring, respectively. These generalizations have
led to two conjectures that remain open [Berge 1982b, Hartman 2006, Sambinelli 2018].
Similarly as above, if we replace in the definition stable sets by induced acyclic digraphs,
we can use the same the ideas described above to prove versions of these two conjectures
in this setting (see [de Paula Silva et al. 2026] for a complete version of our results.)
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ture to digraphs. The Electronic Journal of Combinatorics.

Aubian, G. (2023). Colouring digraphs. PhD thesis, Université Paris Cité.
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