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Abstract. We prove that the property of being a set graph cannot be expressed
in MSO, the language of Monadic Second Order Logic with quantification over
sets of vertices, but not sets of edges. Hence, Courcelle’s Theorem relating
MSO, and clique-width cannot be applied to the set graph recognition problem.

1. Introduction

A graph is a set graph if it admits an extensional acyclic orientation [Tomescu 2011],
where an orientation of a graph is extensional if each vertex has a unique out-
neighborhood, and is acyclic if it does not have any directed cycle. The graph in Fig-
ure 1 is a set graph, as it admits an extensional acyclic orientation, shown in Figure 2.
The smallest connected graph that is not a set graph is the complete bipartite graph
K 3 [Milani¢ and Tomescu 2013] shown in Figure 3.

The set graph recognition problem, denoted by EAO, is NP-complete even when
restricted to bipartite graphs [MilaniC et al. 2014] and split graphs [Monteiro 2022]. On
the other hand, EAO can be solved in polynomial time when restricted to claw-free
graphs [Milani¢ and Tomescu 2013], unicyclic graphs [Milani¢ and Tomescu 2013],
graphs  admitting ~ Hamiltonian  paths  [Milani¢ and Tomescu 2013], and
cographs [Monteiro 2022]. Moreover, EAO can be solved in linear time when re-
stricted to graphs of bounded treewidth [Milani¢ and Tomescu 2013]. To prove this,
Milani¢ and Tomescu expressed the property of being a set graph in MSO,, the language
of Monadic Second Order Logic with quantification over sets vertices and sets of edges,
and applied Courcelle’s Theorem [Courcelle 1990].
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Figure 1. K 3 Figure 2. Oriented K 3 Figure 3. K 3
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A similar theorem states that any graph property that can be expressed in the more
restrictive language MSO;, of Monadic Second Order Logic with quantification over sets
of vertices, but not sets of edges, can be verified in polynomial time in graph classes with
bounded clique-width [Courcelle et al. 2000]. Milani¢ and Tomescu posed the problem
of determining if EAO can also be solved in polynomial time when restricted to graph
classes with bounded clique-width [Milani¢ and Tomescu 2013]. A strategy to positively
answer this question would be to express EAO in MSOy, i.e., without quantification over
sets of edges. However, as we prove in this work, EAO cannot be expressed in MSO;.

In Section 2, we present the syntax and semantics of the language of the Monadic
Second Order Logic over a vocabulary 7, and define the language MSO; for expressing
graph properties without quantification over sets of edges. Moreover, in Subsection 2.3
we present the tools used for proving the main result of this text: translations and trans-
ductions on MSO. In Section 3 we present a proof that MSO; cannot express the property
of being a set graph.

2. Monadic Second Order Logic

In this section we review the syntax and the semantics of monadic second order languages.
Then, we define translations schemes between such languages, simplifying the definitions
found in [Courcelle et al. 2000]. We present these notions with more generality to suggest
how other inexpressibility results can be proven with similar strategies, using the same
tools.

2.1. Syntax

Let 7 be a vocabulary, that is, a finite set of relational symbols equipped with a function
p : 7 — N that associates each r € 7 with its arity p(r). The monadic second order
language over T, denoted MSO;, has two sets of variables Var; = {z1, xo, 23, ...}, the
set of individual variables, and Vary = {X1, Xo, X3, ... }, the set of set variables. The
MSO..-formulas are defined by the following grammar:

pu=Xo|z=y|re,z, ... 2, | (91 Ap2) [ e | Voer [ VX e,
where z,y, z;,, iy, ..., @, € Vary, X € Varyandr € 7.

The connectives V, —, <+ and the quantifier 3 are introduced by the usual defini-
tions. The absence of variables for relations of arity greater than 1 is what makes MSO,
monadic. When 7 = (), MSO,. is denoted simply as MSO.

We denote by F'V () the set of variables that occur free in an MSO,-formula (.
We say that an MSO, -formula ¢ is an MSO,-sentence if and only if F'V () = (). We de-
note by (s, ..., %, Xj, .., X, ) the MSO,-formula obtained from ¢ by substituting
each free occurrence of z;, with z;,, for every k € {1,...,n}, and each free occurrence
of Xj, with X, for each k € {1,...,m}. We assume these substitutions of variables
are accompanied by the possibly necessary renaming of bound variables (i.e., quantified

occurrences) in .

2.2. Semantics

Given a language MSO, over a vocabulary 7 = {ry,...,r,}, a T-structure is a se-
quence S = (D, Ry,...,R,), where D is a non-empty set and R; C DrUi) for each
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i € {1,...,n}. Given a 7-structure S, a pair (a, A), where a : Var; — D and
A : Vary — P(D), is called a valuation pair on S.

Given a T-structure S with a valuation pair (a, A), anelementu € D andaset U C
D, we denote by a[u — ;] the valuation that agrees with a in all individual variables,
except possibly in z;, that a[u — x;] assigns to u; and we denote by A[U — X;| the
valuation that agrees with A in all set variables, except possibly in X, that A[U — X}]
assigns to U.

An MSO,-formula ¢ to be satisfied on a T-structure S with a valuation pair
(a, A), denoted S,a, A | ¢, is defined recursively as follows: S,a,A E Xz iff
a(r) € AX); S,a,A F v = yiff a(z) is a(y); S,a,A E 71wy ... 2, iff
(a(wy),...,a(zi,w))) € Ry S,a,A | (9 ANY) iff S,a,A | pand S,a,A | ;
S,a,A | —piff S;a, A £~ p; S,a,A | Vg iff S,alu — z],A | ¢, for each
u € D; S,a,A = VXpiff S;a,A[U — X| | ¢, for each U € P(D). The rules
for V, —, <>, and 3 follow from the definitions, as usual. To simplify the notation, if
FV(p) C{xy,...,x,}, we write S = p(uq, ..., u,) instead of S, afu; — x1] ... [u, —
], A E .

2.3. Translations between MSO languages and structures

Given two MSO vocabularies 7 = {ry,...,r,} and 0 = {s1,..., S}, a T-o-translation
scheme is a sequence of MSO,-formulas & = (§, ¢1,...,¢,) where FV(§) = {x1},
and FV(¢;) = {x1,...,2pr)}. Given a 7-o-translation scheme ®, we define two

transformations—also denoted by ®: one that transforms each MSO,-formula ¢ into an
MSO,-formula ®(¢); and another that transforms each o-structure S into a 7-structure

O(S).
The ®-translation of MSO, -formulas into MSO,-formulas is defined recursively
as follows. ®(p) = ¢ for ¢ € {Xw,x = y}; P(rjm, ... 2, ) = ¢j(@iy, -, T, )3

O(( A B)) = (2(¢) N @(0)); B(0) = ~@(¥); &(Vay) = Ya(d(z) — (4));
O(VXY) =VX (Ve (Xx — (x)) = P(¥)).

The ®-transduction of o-structures into 7-structures is defined as follows. Given
ao-structure S = (D, Sy,...,S,), weset &(S) = (Do, Ry, ..., R,), where D = {u €
D:SESw}and R = {(u1,...,upr) € DU+ S |= ¢yi(un,. .., uy,))}, for each
ie{l,...,n}.

Lemma 1. If ® is a 7-o-translation scheme, ¢ is an MSO,-sentence and S is a o-
structure, then S |= ®(¢) if and only if ®(S) | .

3. Set graphs and MSO1

One among many ways to represent graphs as 7-structures is to take 77 = {FE} where
p(E) = 2, and to represent each graph G = (V, E') with the 7 -structure G* = (V, E*),
where E* = {(u,v) € V?: {u,v} € E}. The language MSO,, is known as the Monadic
Second Order Logic of graphs without quantification over sets of edges, and is denoted
simply as MSO;.

A graph property P is MSO.-expressible if there is an MSO.-sentence ¢ such that
G has the property P if and only if G* |= ¢, for every graph G. In this section, we prove
Theorem 1. The property of being a set graph is not MSO1-expressible.
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To prove Theorem 1, we show that any MSO;-sentence ¢, that expresses be-
ing a set graph could be transformed into an MSO-formula .., expressing quasi-
equinumerosity, i.e., S,a,A = puq(X,Y) if and only if [|A(X)| — [AY)|| < 1.
Then, we show that such an MSO-formula ¢, could be used to define an MSO-formula
eq €Xpressing equinumerosity, i.e., S,a,A | ¢.,(X,Y) if and only if |A(X)| =
|A(Y')|. However, it is widely known that equinumerosity is not MSO-expressible
(cf. [Courcelle and Engelfriet 2012], Chapter 5).

3.1. From set graphs to quasi-equinumerosity

Suppose ¢, is an MSO;-sentence that expresses the property of being a set graph.

Let 0 = {p1,p2} be a vocabulary with p(p;) = p(p2) = 1. Let & = (4, ¢)
be the 71-0-translation scheme where § is ((p1z1 A =pex1) V (pexr1 A —p121)), and ¢ is
(P11 4> Paa).

Given a o-structure S = (D, P, P,), if P # P, the structure ®(S) = (Dg, R)
represents the complete bipartite graph with bipartition {P; \ P, P, \ P, }. However, if
P, = P,, then Dg = (), so ®(S) is not a well-defined 7 -structure.

Given a o-structure S such that P; # P, we have S |= ®(ys,) if and only if the
complete bipartite graph with bipartition { P, \ P,, P, \ P, } is a set graph, which holds if
and only if || P, \ P3| — | P2 \ P1|| < 1 (cf. [Milani¢ and Tomescu 2013]). Moreover, note
that || 21| — ||| = [N B[+ [P\ Po| = (|2 N P+ [P\ P = [P\ Po| — [ P2\ P2
Let p; = p, be an abbreviation of V1 (py21 <> par1). Hence, for every o-structure S, the
sets I, and P, are quasi-equinumerous if and only if S |= (p1 = p2 V ®(p4))-

Assuming, wlog, that X; and X, do not occur in ®(y,,), let us define ¢ ., by
substituting in (p; = p2 V ®(p,,)) the constants p; and p, with the variables X; and X,
respectively. Then, S, a, A = @4eq(X1, X2) if and only if ||A(X7)| — [A(X2)|] < 1.

3.2. From quasi-equinumerosity to equinumerosity

Suppose @geq(X1, X2) is an MSO-formula expressing quasi-equinumerosity.

Note that for all n,,» € N, we have n = m if and only if both inequalities
|(n —1) —m| < land|n — (m — 1)| < 1 hold. So, given two non-empty finite sets A
and B, we have |A| = |B|ifand only if ||A \ {a}| — |B|| < land ||[A| — |[B\ {b}|| <1
wherea € Aand b € B.

Forall 4,5,k € N, let X; = X \ {x;} be an abbreviation of Vz; 1 (X;zr11 <
(XjTp41 A Zps1 = xx)); and let X; = () be an abbreviation for Va;—X;z1. Now, we
define the MSO-formula ., (X1, X2) as follows:

((Xl = @ A X2 = @) V (Elxl(Xlxl /\VXg(X3 = Xl \ {xl} — (pqeq(Xg,XQ))) N
Elxl(ngl A VXg(Xg = X2 \ {371} — goqeq(Xla Xg)))))
If pgeq €Xpresses quasi-equinumerosity, ., eXpresses equinumerosity. Since equinu-

merosity is not MSO-expressible, the property of “being a set graph” is not MSO;-
expressible.

Hence, we conclude that the usual path to prove that a property can be verified by
a polynomial-time algorithm on graphs of bounded clique-width cannot be followed for
the property of being a set graph.
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