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Abstract—
Multi-module caches consist of multiple parallel caches. Their goal

is to increasc level 1 data cache hit ratios by allowing more freedom in
placing blocks in the cache. Balancing multi-module caches provide the
opportunity to reorganise blocks by moving them between the cache
modules, in an attempt to balance the amount of data stored in each
module. This capability allows for even higher hit ratios. We present an
algorithm to simulate optimal replacement in balancing multi-module
caches. This algorithm is optimal since it minimizes the number of
cache misses However, it is infeasible to implement it in hardware. We
discuss the effects of the set index functions used in the modules and the
ways they interact. The algorithm is used to investigate three cache con-
ﬁgurations and provide some performance limits for balancing multi-

module caches.
Keywords— cache memory, multi-module cache, optimal replace-

ment algorithm

I. INTRODUCTION

Current microprocessors use a memory hierarchy to over-
come the high latencies of the main memory. A key aspect of
any memory hierarchy 1s that the majority of memory refer-
ences should hit in the first-level cache. For those references
that miss, the delay to the second-level cache is relatively
high (e.g. 12 cycles on the UltraSPARC III [HL99]) causing
the processor to stall execution. Furthermore, the latency to
cache levels further away from the processor core will in-
crease in the future, making the memory hierarchy a key is-
sue in the design of high-performance microprocessors.

The average latency of the memory hierarchy can be re-
duced by increasing the hit ratio of the level 1 cache. Two
techniques to this extent have been proposed which caught
our attention: locality-sensitive replacement policies and

skewed-associative caches.

Locality-sensitive replacement policies handle temporal
and spatial locality separately, without causing any over-
head when data exhibit either temporal non-spatial locality
or when it has spatial non-temporal locality [GAV9S5, SG99,
RTT+98, TEMP95]. Several of these investigations propose
to use a level 1 data cache organisation using multiple, par-
allel working caches. These cache organisations are termed
multi-lateral [Tam99] or multi-module [SG99] caches. We

use the term multi-module cache in this paper. By varying the

block size and the degree of associativity, the cache modules
are optimised to effectively exploit either temporal or spatial
locality or the lack thereof. Often, one of these modules is
chosen to be a fully associative cache. This choice clearly has
a big impact on the possible performance of multi-module
caches. However, little is known about the consequences of
this choice. It is also not clear what the effect would be when
the fully associativity module would be replaced by a set-
associative one, or what the interaction between the set index
functions is like. We present a theoretical framework that

allows reasoning about these interactions.

The literature also describes the skewed-associative
cache [Sez93]. This is another cache structure that holds
high promise to reduce conflict misses. A skewed-associative
cache is a multi-module cache where each module 1s direct
mapped and has a different index function. Much like other
multi-module caches, there is little knowledge about the per-
formance limits of the skewed-associative cache.

The described cache organisations both promise higher
hit ratios than traditional set-associative caches. However,
a good understanding of their benefits and their limitations 1s
needed before they can profitably be used. The influence of
the cache organisation needs to be carefully analysed. This
s possible using optimal replacement policies. Furthermore,
the skewed-associative cache can provide data reorganisa-
tion [BS93], which means that data can be moved between
the modules of the cache, however this costs a cache miss.
To investigate the limits of this effect, we introduce the no-
tion of a balancing multi-module cache. A balancing multi-
module cache can perform data reorganisation without incur-

ring cache misses.

For these reasons, we have constructed an algorithm to
perform optimal replacement in balancing multi-module and
skewed-associative caches. This algorithm minimizes the
number of cache misses incurred and is therefore optimal
in the same sense as Belady’s algorithm is optimal for fully
associative caches [Bel66]. It is different from Belady’s al-
gorithm since it takes the restrictions imposed by the index
functions into account. Furthermore, our theoretical study of
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set index functions reveals several interesting effects thal cim
occur and provides a framework to reason abogt these cffec tS(;
Since the algorithm is optimal, it uses future information
guide its decisions. It is thus not intended for hgrdware im-
plementation. However, it can be used to qualify the per-
formance of feasible replacement algorithms and to compare
cache organisations.

The remainder of this paper is organised as follow
section II, we provide a description of multi-module cache§.
In section III, we investigate set index functions and their
interaction or cooperation in a multi-module cache. The 0p-
timal replacement algorithm is presented in section IV. It1s
applied to three cache configurations in section V.

s, In

[I. MULTI-MODULE CACHES

A multi-module cache consists of multiple, traditional
(e.g. set-associative) caches, called modules. When a cache
block 1s looked up in the multi-module cache, all moc.iules
are probed simultaneously. Each module can have difter-
ent block sizes, associativity, set index functions or prefetch-
ing policies. A multi-module cache is quite different from
a multi-level cache hierarchy, since the former consults the
caches in parallel and the latter consults them sequentially.

In a balancing multi-module cache, the replacement pol-
icy has the capability to selectively move blocks between the
modules. This capability should greatly improve the hit ra-
tio. Although it has a high cost and might seem undesir-
able, its benefits have been repeatedly demonstrated, e.g.
in the column-associative cache [AP93] and in the victim
buffer-like replacement policy in [RTT98]. The skew'ed-
assoclative cache has the same benefits of data reorganisa-
tion, but has to incur cache misses to profit from it [BS93].

In this paper, we study balancing multi-module caches
with two modules having the same block size. Furthermore,
we assume that the modules use the write-allocate policy (1.e.
all referenced data has to be placed in the cache). Since we
do not optimize the write-back bandwidth, we make no dis-
tinction between the write-back and write-through policies.

An example cache is depicted in Figure 1. It has two dif-
ferent index functions, both based on bit selection.

bit no: (:0:9:4%:0
address: |

10[1]0]

Fig. 1. An example of a multi-module cache.
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A. Set index functions for set-associative caches

We define a set index function as a mapping from the ef.
fective address to a cache set number. A set index function
Induces a partition on the address space. Two blocks z an |
belong to the same partition induced by the set index functio;

f(.) when f(z) = f(y).

For a set-associative cache, all blocks in the same equiv-
alence class map to the same set. These blocks compete for
the same cache frames, which results in conflict misses whes
the associativity is too low. If the cache has n sets, then the

distance between two blocks in the same equivalence class i
a multiple of n cache blocks.
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B Set index functions for multi-module caches

When two set index functions are used, the picture is more
complicated. First, we inspect an example, namely the multi-
module cache presented in section IT (Figure 1). Its set index
(unctions arc shown in Table I. The part % in the address
refers to the block offset and the part z of the address has
1o relevance to the computed set numbers. The columns la-

belled fmin and fmaz Will be explained below.

TABLE |
SET INDEX FUNCTIONS OF THE EXAMPLE CACHE.

address fA fB fmin fma:c
z000y | 00 | 00 | 000 0

z001y | 01 | 00 | 001 | O

7010y | 10 | O1 | 010 | 1

2011y | 11 | Ol 011 1

| 100 0

0

1

]

z100y | 00 | 10

z101y | O1 | 10 | 101
z110y { 10 | 11 | 110
2FEIH L1111 111

The set index functions f4 and fp enforce more restric-
tions on the contents of the cache than expected. Through
inspection, we see that blocks that can be placed in A-set 0
can only be placed in a [imited number of B-sets (namely 0
and 2). Similarly, blocks in B-set 0 can only be placed in
two of the four A-sets. Another property is that when a block
can be placed in A-set 0, it can never be placed in a B-set
where blocks from A-set 2 can only be placed. This is true,
since blocks in A-set 0 can only be placed in B-sets 0 and 2
while blocks in A-set 2 can be placed in B-sets 1 and 3. This
means that this cache configuration can be broken up in two
distinct parts, just like a set-associative cache with 4 sets can
broken up in 4 distinct parts. A block can be placed only in
one of the parts and there is no interaction between the con-
tents of any of the parts. This break-up of the cache consists
of grouping some A-sets and some B-sets together.
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Fig. 3. Address space partition.

| [t is useful to visualise the partitions of the address space
?nduccd by the set index functions. Since there are two \Ct
lndcx.functions, the equivalence classes are displayed in a
two-dimensional picture (Figure 3). The biggest square rep-
resents the complete address Space. On the Jcmcal axis, thc
a.ddrcss Space is partitioned according to the set index func-
tion fo. The horizontal slice of the address space label "0
contains all addresses a for which f4(a) = 0. Using the

definition of f4 (Table I), these are all block addresses of
the form 0 + 4n, with n a cardinal number. Likewise. the
partition induced by fg is shown on the horizontal axis. For
Instance, B-set 2 contains all blocks with address 2 + 8n or
2 + 8n + 1 with n cardinal.

Each cache block is placed in this two-dimensional grid in
one A-set and in one B-set, determined by the set index func-
tions f4 and fg. Together, these functions define an even
finer partition, namely at their intersections. Two blocks be-
long to the same (fine) partition when f4(z) = fa(y) and
fe(z) = fB(y). This fine partition is denoted by frmin. It
1s significant since it defines the smallest partition of the ad-
dress space which is noticeable by the multi-module cache.
When two blocks z and y have fin(z) = fmin(y), inter-
bank dispersion or scattering does not occur for these blocks.

When f4 and fg use bit selection, we define f,in as the
set index function that selects the union of the bits that are
used by f4 and/or fp.

From Table I, we know that not all combinations of A-set
numbers and B-set numbers are possible. These areas are
shaded 1n Figure 3. This effect can be seen in the picture as
well. Some “fine” sets are grouped together to form “big”
sets. Furthermore, each A-set and each B-set is completely
contained in exactly one “big” set. These “big” sets are in-
duced by the set index function f,nqz. This function selects
the bits that are selected by both f4 and fp. The set index
function fo,az tells us the extent to which blocks can be scat-
tered in a multi-module cache. When fqz defines only one
partition in the address space, then for all A-sets, there exists
blocks that can be mapped to any B-set, and vice versa. On
the other hand, when f,,4, induces multiple partitions in the
address space (as is the case in the example in Table I), only
a limited number of combinations between A-sets and B-sets

1s possible.

C. Formal definition of fmin and fmaz

This section presents the properties of fnin and fiez for
general set index functions, e.g. hashing functions. For this
purpose, we use the notion of set-refinement. Set-refinement
is described in [HS89] where it is applied to simultaneously
simulate multiple cache configurations. A set index function
f- refines f1, when each set induced by f; is the union of a
number of sets induced by f». Formally, it is required that

for all addresses = and y, f2(z) = fo(y) = fi(z) = fi(y).




as a spilling buffer for all sets in the A-module, growdmg
additional associativity just for those sets that need 1t.

We note that the above definitions are only correct .w.hen
two set index functions are rcgaraed as equal iff the partitions
they induce on the address space are equal. This 1s necessary
since two index functions that simply rename the sets (e.g.
the set numbers 0 and 1 are swapped) should be treated equal.

[V. DESCRIPTION OF THE OPTIMAL REPLACEMENT
ALGORITHM

The optimal replacement algorithm for balancing multi-
module caches presented here is based on the algorithm of
Temam [Tem98] for fully associative caches. This algorithm
is centred around the concept of locality edges. When a word
is referenced at two times ¢; and £, with ¢; < t, but not In
hetween, then there is a locality edge from time ¢, to to. This
locality edge expresses the reuse of data. Locality edges can
he either selected or not selected. A locality edge is selected

iff the block pointed to by the edge is present in the cache
at each time ¢ with t; < t < to. Since there is one cache

miss for each unselected edge (the data is not in the cache at
the time of the second reference), the miss ratio is minimised
when the number of selected edges is maximised. The num-
ber of edges that can be selected is limited by the size of the
cache. For a fully associative cache with n frames, there can
be no more than n edges selected at any one time. Temam
showed that an algorithm that selects each selectable edge,
when the edges are ordered by increasing time of the second
reference, is optimal with respect to minimising the cache
miss ratio [Tem98].

Temam’s algorithm can also handle spatial edges that oc-
cur when the spatial locality 1s higher than the temporal local-
ity. Spatial edges are not considered here, since their purpose
1s to load only those words in a cache block which are effec-
tively used. We only need to handle complete cache blocks.

Figure 4 shows an example trace annotated with locality
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6. then the edge count at times 3 and 4 is already 1
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We extend this optimal algorithm to balanciy
module caches with two modules by changin 2 the ci m.u.]n.
under which edges are selectable. An edge is Seleq:gm?n
for each t (t; < t < i), the blocks already preces ‘lel
cache and the currently considered block fit ip the Cac;]n the
gether, satisfying the constraints imposed by (he % 1€ to.
functions. The problem of determining whether 3 COIIQDQex
of blocks fits in the cache 1s solved by attempting Cliop
the blocks to the frames in the cache. If such an aSSioszgn
can be found, then the blocks fit together in the Cachebl ;nent
the currently investigated edge is unselectable. .

We will first describe the block assignment algorithp, f
the case where the set index function of onpe module reﬁnor
the set index function of the other. Next, the moye oene CSI
case will be described. Only set index functions ‘V?th Ord
max-set are considered. The algorithm can be extended Itle
multiple max-sets, just like the algorithm for 4 fully aSSochO
tive cache can be extended to a set-associative cache

Can.

A. Refining set index functions

When set index function f4 refines fp, assigning cache
blocks to frames is straightforward. Due to the relation be-

tween f4 and fp, there is exactly one B-set and multiple
A-sets in one max-set, since Tmin = T1.and Imaz = fo.
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Acsuming there is only one max-set, the frames in module B
provide extra associativity to the sets in module A. Therefore.,
hlocks are first assigned to the A-module. When an A-set is
cull. blocks for this A-set are placed in the B-module. When
‘he B-module is full as well, not all blocks fit in the cache
<imultancously and the currently considered edge cannot be

«elected.

B Non-refining set index functions

The effect of the set index functions on the partition of
‘he address space 1s illustrated in Figure 5. The left square
represents the complete address space; the right square is an
enlargement of one max-set. This max-set is partitioned into
A-sets and B-sets. The intersection of an A-set with a B-set
< a min-set. Assigning blocks to cache frames is difficult,
since placing one block influences the possible frames where
the other blocks can be placed.

To solve this problem, we classify all cache blocks accord-
ne to their min-set number. The number of blocks in each
mrn-sct is then split into the number of blocks that are placed
in module A and those placed 1n module B. These quanti-
ies are represented by unknown variables. Then we derive
4 set of boundary conditions describing the possible values
of the unknowns which results 1n a set of inequalities. The
problem of checking whether a set of blocks fit in the cache
<imultaneously can then be solved by checking if the set of

inequalities has a solution.
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Fio 5 Partition of the address space into max-sets and of a max-set into
) A-sets, B-sets and min-sets.

Now. we derive the set of inequalities. As stated earlier,
the min-set is the smallest granularity of the partition of the
address space that the cache can distinguish. Therefore, all
hlocks with the same min-set number are treated similarly.
The number of blocks in each min-set is counted and 1s rep-
resented by the numbers 77,0 < I < 5, where S is the num-
ber of min-sets. Each of these blocks is placed in either the
A-module or the B-module. The number of blocks in each
min-set that are placed in the A-module is represented by ;.
The number of blocks in a min-set, placed in the B-module

1s represented by y;.
It is required that

sbyf =T, 0€1<8 (1)
0 <z <171, 0<I<KS (2)
0<y<Ty, 0<I<S (3)

for 0 < I < S and the z; and y; are cardinal numbers.

A first boundary condition for the values z; is that t.he
number of blocks in an A-set is not higher than the associa-
tivity in the A-module. The number of blocks placed in an
A-set is computed by summing all corresponding z; values.
There is a contribution to the number of blocks in an A-set
by each B-set, since there are as many min-sets contributing
to this A-set as there are B-sets (Figure 5). Let [(7,7) be the
min-set number corresponding to A-set ¢ and B-set j. The
number of blocks in A-set  is then given by’

a; = 53257 713 ), 0 <1< 54

The number of blocks in each A-set is limited by the asso-

ciativity N4 of the A-module. Therefore it is required that
0 < a; < Ny, 0<3<.54 (4)

Similarly, the number of blocks assigned to a B-set 1s

bj = Z?:o-lyl(i,j)a 0<7<S5B
and the inequalities
0.<0;'<'Vp, 0<j<SB (3)

should hold.
By solving the equations 1 for y; and substituting their val-

ues into the inequalities 3 and 5, we are left with a set of only
inequalities. This set can be solved using Linear Program-
ming [Sch86].

It is instructive to write down the inequalities in a two-
dimensional grid with the same dimensions as the grid de-
scribing the partitions of the address space (Figure 6). Each
Zy(i ;) is the number of blocks from min-set [(z, 7) that are
placed in A-set 7. The sum of all these blocks over all B-sets
7 1s the total number of blocks placed in A-set 2. This sum
should be less than the number of frames N4 1n an A-set.
[t corresponds to the shaded horizontal bar in the max-set in

Figure 5.

C. Implementation issues

The described algorithm requires long execution times and
lots of memory, largely depending on the cache configura-
tion. To obtain the results described in section V, we had to
spend a lot of effort in optimising the algorithm.

'We use S 4 for the number of A-sets and Sg for the number of B-sets.
The equality S = S Sp holds when there is only 1 max-set.
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This optimisation saves time. since the scans along the lo-

cality edges is shorter. It also saves space, SInce the list of
blocks present at each time only needs to be stored once for
each sequence. This optimisation was also present in Be-

lady’s algorithm [Bel66).
V. SIMULATION RESULTS

We evaluated level 1 data cache organisations using 9
benchmarks chosen from the SPECint95, SPECfp95, task
parallel suite [DGO™94] and mediabench [LPMS97] bench-
mark suites. The SPEC benchmarks were compiled using
GCC 2.6.3, retargeted for SimpleScalar (MIPS-like instruc-
tion set), with optimisation flags (102 Ofunroll_loops.
For the other benchmarks, we used GCC 2.7.2.3 and the opti-
misa.tion flags listed in their accompanying makefiles. Traces
ranging over 100 million instructions were generated with a

SimpleScalar simulator [BAB96], after skipping the first 100
million or 300 million instructions for SPECint and SPECfp

benchmarks, respectively. The other benchmarks were exe-
cuted completely.
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Fig. 8. Miss ratios for the multi-module cache.

OPT-miss ratio 1s 25% higher than with Belady’s algorithm.
The ecometrical mean of the OPT miss ratios is 9.59 h; gher
‘han the mean of the fully associative cache.

For some benchmarks, ABC can closely approach the op-
(imal miss ratio. However, the miss ratio is 4 times higher
than OPT for swim and 3 times higher for apsi (74% worse on
ge0 metrical mean). The VICLIKE policy usually has lower

miss ratios then the ABC policy and it almost equals the OpPT
policy for swim (39% worse on average).

B Skewed-associative cache

The second cache organisation is a 16 kB 2-way skewed-
associative cache with 32 byte blocks. The index function of
module A selects bits 5 to 12 and that of module B selects
bit 8 to 15, resulting in 32 max-sets. We study the ENRU
replacement policy [Sez97]. It employs usage bits to track
the least recently used block. In Figure 9, we also present the
miss ratio of a 16 kB fully associative cache (Belady).

0% 5% 1 —
s 4% — UBclmty4
25% $————] |—— BmoOPT {
4% R T P, T ARy [0 (670 ] ’i
20% } 2 42T B jja
|
: —
- il
.~ (e o T | |
. 15% | 2 2ty _!
3 4 ] |
0% +——1 ‘M | F ‘o |
, Y 7 R
', » t r
5% T .\' oy , i 1 ! _<§ (s J (e ::'
N ¢ . Yy ‘4 B
¢ ' a ! g &4
- | L ?’ "
“ 3 - - " = o ) W - L 2
swim slor pgwt apsi mgrd ipeg por dipg opic

Fig. 9. Miss ratios for the skewed-associative cache.

For the skewed-associative cache, OPT replacement has
on average 31% more misses than a fully associative cache
(this is only 9% in the case of the multi-module cache). The
set index functions of the skewed-associative cache are thus
more restrictive than those of the multi-module cache. We

also see that the ENRU policy 1s always at least 25% worse
than OPT (e.g. for perl and epic) but only 53% worse on

average.
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C. Skewed-associative cache with hashing index functions

Finally, we studied a 4kB 2-way skewed-associative cache
with hashing index functions as in [BS93]. In this cache.
OPT replacement incurs on average only 9.4% more misses
than would be the case in fully associative cache with the
same size. The ENRU policy is on average 53% worse than
the OPT policy in this cache organisation.
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Fig. 10. Miss ratios for the skewed-associative cache with hashing.
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In conclusion, we find that the multi-module cache with
a fully associative module and the skewed-associative cache
with hashing functions both allow to make almost optimal
use of the provided cache area. Furthermore. implementable
replacement policies come about equally close to what is op-
timally achievable in those caches. The skewed-associative
cache without hashing functions, however, does impose im-
portant restrictions on the placement of blocks in the cache.

VI. RELATED AND FUTURE WORK

Many optimal replacement policies have been constructed.
Belady’s algorithm [Bel66] scans a trace of memory refer-
ences. For each reference, the decision to keep the data in
the cache is postponed until the next reference to the same
data. The data is stored in the cache if the cache was never
full in the time between the two references.

Mattson developed the notion of stack algo-
rithm [MGST70]. For stack algorithms, the contents
of a set-associative cache is always a subset of the contents
of a similar cache with higher associativity. It was also
shown that each stack algorithm can be implemented by
means of a priority function which orders the references.
Blocks with lower priority are replaced first. As a conse-
quence, Belady’s optimal algorithm can be implemented as
a two-pass algorithm. In the first pass the priority function
for a reference trace is computed and in the second pass the
cache is simulated using the computed priority function.

Sugumar and Abraham constructed a one-pass algorithm
that computes the priority function for a limited number of
references at a time [SA93]. Another version of the optimal
replacement policy is discussed by Temam [Tem98]. This
algorithm is an extension of Belady's algorithm. Besides ex-
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ploiting non-spatial reuse of data, it allows for neig

data to be fetched on a cache miss. | Ricw
A pseudo-optimal replacement policy for mu - w
caches with one fully-associative module 15 presen
in { Tam99]. . ol
The investigation of a balancing multi-module ca .
part of a research project about active cache managt?mi’l -
An active cache consists of multiple cache modules.anh 2:
cache manager. The cache manager is 2 piccg of logic t ]ad
can detect the locality properties of data (or it can be 0
about them) and use this to intelligently manage the cache.

CONCLUSION

We have presented an algorithm for optimal Feplacement
in a balancing multi-module cache. This algorithm can be
used to evaluate replacement policies in multi-module caches
and to compare multi-module cache organisations.

The algorithm was used to evaluate three cache organisa-
tions. The multi-module cache and the skewed-associative
cache with hashing functions place few restrictions on the
placement of blocks in the cache. On the other .hand, a
skewed-associative with bit selecting index functions re-
stricts the placement of blocks much more.

We also tested replacement policies for the cache organi-
sations. In both the skewed-associative caches, the average
miss ratio of ENRU is 53% higher than the optimal miss ra-

tio, although this policy does not employ balancing. In the
multi-module cache, this difference is 48% (VICLIKE) or

74% (ABC). Thus, to closely approximate its optimal perfor-
mance, the multi-module cache needs to perform balancing,
as 1s exemplified by the VICLIKE policy.

We conclude that both the replacement policy and the in-
dex functions of the cache have an important role in deter-

mining the performance of the cache. Furthermore, the ca-

pability of balancing allows for certain benchmarks to obtain
near-optimal miss ratios.
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