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Abstract— : . .
This paper is concerned with parallel implementations of the classi-

| bmnch-and°b00nd algorithm for a multi-level network optimization
= blem. Multi-level network optimization problems arise in many con-
pl’f’(s such as tclecommunication, transportation, or electric power sys-
e A new model for multi-level network design is introduced and for-
ot mixed-integer program. The formulation is innovative be-
tes in the same model aspects of discrete facility location,
(opolo gical network .dcsign, and dimcnsioni.ng. .Wc pro.pose implemen-
(ations which are suitable for MIMI? (multiple instruction stream, mul-
tiple data stream) parall.cl computat.uon systems. Thus, the implemen-
cations are very convenient for use in networks of workstations which
nowadays has become SO popular. We hz.wc tested two versions of the
pranch-and-bound algorithm as wc.ll as dn.ffcr.ent load. balancing strate-
ics. The results are very cncountagm.g indicating a gain over sequential
‘ ions in terms of execution time.
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[. INTRODUCTION

A. Motivation and Problem Statement

In order to guarantee quality of service (QoS) and perfor-
mance at minimum cost, network design and planning in en-
oineering Systems requires policy decisions, analysis of in-
vestment strategies, and technical development plans. Net-
work planning must satisfy the expected demand for new
<ervices, upgrading, and improvements on the existing net-
work. The aim is to explore the hierarchical organization of
each network and to propose integrated network models as
decision support systems. In this context, we have focused
<olutions for basic urban mapping data capture and data anal-
ysis using a Geographic Information System (GIS) and net-
work optimization systems [MPL96, MCL94]. The multi-
level network optimization (MLNO) problem treated here is
1 network design model that raises optimization aspects of

dimensioning, topological design, and facility location. In
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this sense, the model can be applied for network planning to
explore design aspects at different levels in a modeling ap-
proach that integrates several hierarchical levels.

We define the MLNO problem on a multi-weighted di-
graph D = (N, A), where N is the set of nodes and A is
the set of arcs. Figure 1 shows a m-level network example
containing candidate supply nodes, demand nodes, and trans-
shipment nodes at each level. The objective is to determine
an optimum combination of supply nodes and arcs to provide
the required flow type to all demand nodes respecting rules
of flow conservation.
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Second level

m-th level

- First, second, and m-th level candidate supply nodes
- First, second, and m-th level transshipment nodes
- First, second, and m-th level demand nodes

- First, second, and m-th level flows

Fig. 1. The MLNO Problem

The MLNO problem is NP-hard since it generalizes other
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B. Paper Outline

The paper 18 outlined as follows. In Section II, we Intro-

duce the notation and present a mathematical programming
tormulation for the MLNO problem. In Section III, we de-
scribe the parallel implementations that we propose for the

branch-and-bound algorithm. A preliminary version of the
algorithms has been coded in C++ and tested, and computa-
tional results are presented in Section IV. In Section V, we

close the paper with conclusions and some open questions as
well as some future research directions.

[I. MIXED-INTEGER MATHEMATICAL PROGRAMMING
FORMULATION

In formulating the MLNO problem, we made some as-
sumptions concerning the settings which are made explicit

below:
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A. Notation

We now define the notation yge(

m - number of levels:

R! - set of I-th level candidat

D! - set of I-th level demand E : '

d;- - [-th level demand node ; Odesl. ,

T - set of [-th level transsh;j s
as follows: T = N\ (R’Iszl;?t

Upply

¢;. - non-negative per-unit -
on arc (%,7) € A; S i
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,"hcmatical programming formulation describing
The I:]‘O problem is presented as a flow-based mixed.
 ogramming (MIP) model:
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Z AT Z zji =0, V 1=1,2,...,m, )
1€67(s) J€6~ (i)
, i€ D'
[ Ao
Y o= Y zi=-di, V e ba
j€61 (1) J€S™H)
| gtz ey S E R g
j€6%(1) J€0 Cl
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$,7) €A
y;l‘j € {0’1}’ v l(=1,2,...,m,’ (8)
$.€.R,
2 €{0,1}, V I=1,2,...,m. ®)

The objective function (1) minimizes three terms: (1) the
first accounts for the variable cost for al.l flow types, (1) the
ond accounts for the fixed cost agsomated with tl}e use of
fhc: arcs (the overhead cost), and (111) the last considers the

total cost resulting from the use of the supply nodes.

Constraints (2) ensure the network flow conservation be-

ween adjacent levels at each supply candidate node. Con-
straints (3) and (4) are the usual network flow conserva-

‘tion'equalities at each transshipment node and demand node.

For example, from the point of view of level 1 all nodes

{eN\ (R1 DU Rz) are transshipment nodes (see Fig-
33: ure 1). Constraints (5) ensure there is no flow transformation

inacandidate supply node if it is not selected, and constraints
(6) express the fact that the flow through an arc must be zero
if this arc is not included in the design.
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I11. ALGORITHMS

We propose parallel im
tial branch-and-bound a]
description. Ung
of unexplored pr

plementations based on the sequen-
\dalgorithm depicted in Figure 2. In that
ST 1S the global upper bound and £ is a list
: oblems (M)*, each of which is of the form
Ly = min{cx s.t.: : i '

M S.Lix € 5'}, where S' C S and S is the set

of feasible solutions. Associated with each problem in £ are

a lower bound L1 < Z}; and an upper bound U* > Zj,. The

bounds. L' and U' are computed according to a Lagrangean
relaxation based procedure described previously [CMM98].
Before creating its children (M)%*1 and (M)*+2 | the prob-
lgm (M)* is reduced by a Lagrangean relaxation based al go-
rithm [CMM99]. The branching variable selected is the first
fre§ Yariable found that does not form cycles with the re-
Maining previously fixed variables [CMM99]. For memory

econorr}y purposes, the search rule applied was last-in-first-
out which yields a depth-first search strategy.

algorithm Branch-and-Bound
Usest + 400
L« {(M)"}
while £ £ () do
/* search rule */

select and delete a problem (M )* from L
/* bound rule */

Compute_Lower_and_Upper_Bounds(L*,U*)
update UggsT
/* branch rule */
if L' < Upgst and (M)* is not a leaf then
L« LU{(M)* 1} u{(M)*+?)
end if
end while
end algorithm

Fig. 2. Sequential Branch-and-Bound Algorithm

The branch-and-bound algorithm is parallelized using a
controller-worker approach. The controller process 1s re-
sponsible for the general initializations, creation of the
worker processes, and their coordination. We now describe

two parallel versions for the branch-and-bound algorithm,
the centralized and the distributed.

A. Centralized version

The high level algorithm for the centralized version are
presented in Figure 3. In such a version, the controller man-
ages the list £ of unexplored problems (M) but the task of
expanding the problems is attributed to the workers, i.e. the
worker processes are responsible for computing the bounds
and generating the respective children.

In other words, the controller keeps itself in the main loop
while there are problems (M)® to be solved in the list £ or
else there 1s still some worker in expansion work. If there is
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nizations, it may causc a bottleneck in the controller and re-
cults in sub-utilization of the worker processes. Howeveg
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1S coarse enough, ie. if the problem expansion 1s compula-
tionally intensive compared (0 the communication f:osts. The
distributed version we present tries (o Overcome this possible

any problem in

drawback.

B Distributed version

The high level algorithm for the distributed version is 1llus-

rated in Figure 4. The controller is responsible for the initial
load distribution and the algorithm finalization. Each worker

implements the sequential branch-and-bound algorithm with
slight modifications that permit load exchanges with other
workers.

The controller expands the problem (M) up to the point
it has as many children (M )* as it has workers. So, the con-
troller distributes the load and keeps itself in a loop waiting
the k-th worker to explore completely the problem (M )* re-
ceived. Thus, the controller terminates the workers, receives
all partial best solutions Ugggr and chooses the best among
all receirved.

According to the load balancing policy in use, the work-
ers are entitled to solve the sub-problems they received by
exchanging load between themselves. Concerning this issue,
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b) Worker Algorithm \

ch-and-Bound Algorithm

we have tested three different load by,

o
shall describe them now. “Ing po]icies
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Static balancing

This is the simplest load balancing Proced
no dynamic balancing at all. Each Worke,
tial assignment, problem (M )* | and ha =
matter how long it takes. An immedjate
on this approach has to do with those prob
unbalanced search trees. We shall talk

following section.
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Zhang balancing

This balancing policy is a contribution f K
[KZ93]. The policy is also very simp]e. Here
are entitled to exchange loads. Each time o WO’ the
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some neighbor choosing it by a random distribuepds thep, to
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Modified balancing

We think we could improve Zhang’s algorith
tice by including the following modification Fir Itn
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would result in a null load. Moreover, the

. Y ) ork
more active and ask for load when they were rj,: i iS:Ould be
problqns. Of course, this is not a simpler approach gu?l:;;’f

result in some gain in terms of processing time, We shall
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generale problems (M )ik

for all k do
- send problem (M) to worker k

end for ' )
while somebody is working do

Leceive current status of workers
end \Vhile
ferminate workers

for 3" k dO
receive Ungst from worker k

update UBEST
cnd for

L a) Controller Algonthm

re,ceive Problem (M )'n
Ubkst 4+ 400
L+ {(M))
while no; lerminate do

if £ # 0 then

select a problem (M

COmPUtC-LOWer.a
update UEBEST

L < Uggst and (M)
, _ IS not a leaf t
Lads {(M)2a+1} ( )2;’43;0‘[ hen

) from C
nd-Uppcr.Bounds(L‘ U")

Send Ugpor and
end if

receive U,BEST and LI
L+~Luf

send current status
end while

send results to controller

to other workers

from other workers

to controller

b) Worker Algonithm

Fig. 4: Distributed Paralle] Branch-and-Boung Algorithm

[V COMPUTATIONAL EXPERIENCE

a1l present the performance measures employed to

e Shdl plmplemcntations. There are various different

evaluale l,]:surcs for parallel algorithms [Qui87]. We shall

qualﬂn) ;;:;,‘O of them. The first is the speedup, s(p), which is
usc 014

deﬁncd 1s follows:

s(p) o tseq/tpar(p)a (10)

i« the time spent by the best known sequential
{

wher e (p) is the time spent by the parallel algo-

algorithm and tpar
cithm with p Processors.

The other measure 1 the processor usage, u, defined be-
low:

U = 100% X tcalc/ttotala (1 1)

where £ otal 15 the total cxeculior.l time. and tca)c 1S tbe tim§ re-
ally spent within useful calcula.u.ons, i.e. the total time minus
e time the processor idles waiting for load.

All randomly generated testing problem§ came from a pro-
cedure similar to that one presented previously [CMM9?],
which has been extensively applied to create test problem in-
stances of the Steiner problem in graphs, a special case of
the MLNO problem. According to this procedure, node po-
sitions, arc extremities, basic arc weights §2;;, candidate sup-
ply nodes, and demand nodes are chosen by uniform dlSll‘l!)U-
tion. The problems actually solved were the directed version
of the graph generated, each edge being substituted by two
opposite arcs with the same weight. All demands were con-
sidered unitary. The costs f{; and ¢j; were derived from the
weights {2;; using constant factors.

A. Homogeneoys Network

ysis, for sake of simplicity,

random problem Instances,
I (IN| = 20, |A| = 58, and ID| = 4) and T, (IN] = 35,

= 9), using the costs f;; = cij = ;.

TABLE |
AVERAGE*® SPEEDUP FOR ALL IMPLEMENTATIONS

Algorithms
Distnbuted
Problem  Centralized ~ Stanc Zhang  Modified
T 4.9 e 1.8 2.1
T 3 18 b 154

“over 5 experiments

In Table I, we show the average speedup s(p) obtained
for all tested versions, made over five experiments in a low
load period. For problem 77, it is noticeable that we almost
reached the theoretical ideal speedup, i.e. 5, applying the cen-
tralized algorithm. Considering the distributed algorithm, the
best results were those with the modified load balancing ap-
proach. However, in this case, the reached speedup equals
2.08 which is smaller than the speedup of the centralized ver-
sion. For problem 75, the centralized algorithm also shows
superiority, but in this case the speedup equals 3.05. In the
distributed algorithm, the best speedup reached was by using
the static load balancing policy. Nevertheless, for all three
balancing policies, the speedup was roughly the same.

In Figure 5, we show the processor usage rates and the
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the static balancing (23%) and the better is with the modifie
halancing (approximately 74%). We see that the better usage
values oBtamed with the distributed algorithm 1s less th.an
that obtained with the centralized version. This fact explains
the better results reached for the speedup. Nevertheless, we
cannot conclude definitively that the centralized algorithm is
always better, since only three balancing policies were tested.
Figure 7 presents the behavior for the three versions of
the distributed algorithm using problem T». The results are
quite similar to those previously shown. Here, comparing
(o the other alternative policies, the modified strategy also
produced a more uniform load balancing in association with

considerable better usage rates.

Its for the dis

B. Heterogeneous Iest

For the sake of simplicity, all instances tested had 8 node,
14 arcs, only 1 supply node, and 1 demand node in the first-
level. For the second-level, we have worked with 1 can-
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Fig. 6: Kiviat Diagrams for the Distributed Version (Problem 1)
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Fig. 7: Kiviat Diagrams for the Distributed Version (Problem 75)

It is important (O mention that the machines were not dedi-
cated to run only the parallel algorithm. The average times
presented were taken over several days in a low load period
cince it was impossible to isolate all machines used to con-

duct the parallel experiments.

V. CONCLUSIONS AND FINAL REMARKS

A multi-level network optimization (MLNO) problem was
defined and its importance was discussed. The MLNO prob-
lems integrates location, topological network design and di-
mensioning aspects. One possible mathematical program-
ming formulation for the problem was proposed and branch-
and-bound algorithms based on this formulation was devel-
oped. We have focused on two parallel implementations for
the branch-and-bound algorithm. The parallel implementa-
tions have followed a controller-worker approach. In the

centralized version, the controller manages the list of un-
solved problems and distributes jobs to workers all around
the time. The distributed version corresponds to a more
coarse grain parallel application where the controller s re-
sponsible only for initial assignments and algorithm finaliza-
tion. For the distributed version, we have tested three differ-
ent load balancing policies, one of them is completely origi-
nal. In Table I, all implementations were compared in terms
of average speedup. The results seem to indicate a gain over
the sequential computation. Therefore, we should conclude
that the parallelization of branch-and-bound algorithms ap-
plied to this network design problems is very promising.

Along all computational experiments with the centralized
version, better load balancing procedures might be consid-
ered. For instance, the applied strategy was to assign a node
expansion to the first free worker. Are there better alter-



cal network design problem. European Journal of Operational

ture an
; Architecii=== G
pa1)3000 12* SymposteT ..!_’_..Cafz—’—’ym"ﬁ”’"‘ QB
4 SHB _4( —[4 P i OJ W 14 - ‘:‘{/}'r
'::; ‘: SSL n.i.'»q
Ay il : ‘:.‘:ft‘:;
‘f A5 ¥ . ,/"'//’ %
; ‘) ,--f"/f
Jt 35 b
; | :
fi 26 } 5 g
{ » j q :/
e i 15 F 0
| y o o ‘
- e " | oS r T o R 3 . J
O v e o e o : 0 ‘;f 1 L 1
& e 1-..-'—-—”"‘"""”‘/’7—/ ”‘md‘t’rm ' \;\\\
: . p&md‘w S b) SpcedUp S (p) 2
a) CPU time ol Bound Algos
. -and-boun Orl
Fig. 8: Results for the Centralized parallel Branc gorithm
: hottleneck in Research, 27:57-66, 1986.
natives? Moreover, the controller 15 Clcf.lrl.y iz ffoct?  [PVS) C. W. Duin and A. Volgenant. Reqy;
this version. Would it be possible to minimize this € h. work design problem. European JOurzg the hig;
Concerning the distributed versions, we have Sect et Z search, 30 “of Opezc,}.\'caln
qatic version does not work well since it produces poor loa (Erl78] Pi.Efie“k‘{“ef- OA dual-based procedyr ¢ gy
balancing. However there are research results proving that cility ?Caﬁom Pefffflons Research, 26(6 .’ UNcap, . ;

. , . : olicy can (GBD194] A. Geist, A. Beguelin, J. Don )°992\1 3 “ltas
parallel branch-and-bound under static balancing poliCy 2 and V. Sunderam. PVM: Pamli‘;“‘j» W. Jiang 09, 197" fa
reach high average processor utilization [Lap94]. So, ne Giids i Tidorial for Newbseis lPrtual Mach, ,i M"‘nc}i
modifications could be done in our system with the PUYPOSC MIT Press, Cambridge, Massachusett: rclzge, Co pa;A Ur,f»
of improving the performance under the static balancing pol- (GC94]  B. Gendron and T. G. Crainic, Pal:all 194' " nk
icy. The modification proposed 1n Zhang’s algorithm holds algorithms:  Survey and synthesis_ ; brangy,

. etal S0 h dups 42(6):1042-1066, 1994. Perqs; . Ny,
this property of high utilization and reaches higher speeaup it R NS R,
but there is still work to be done as some questions remai [GI77] A Guide my e Th‘;o"y g}mj\j;“éCO'nputers and | o
open. How would be the algorithm behavior under d1ffer- and Company, New York, 1979. ompletenegs W."ﬁ““%iary ’
ent problem instances? Are there better ways (0 paralleth (KZ93]  R.M. Karp and Y. Zhang. Randomizeq -Fre% |
the branch-and-bound algorithm? These are only few possi- backtrack search and branch-and-boypg Parag| algoryy -7.;
ble directions for further work on this matter. Possible ex- of the ACM, 40(3):765-789, 1993, “OMputati, J(;“S oy
ensions of this work might also include the investigation of  [(Lau93]  P.S.Laursen. Simple approaches to parajg] oS
these questions Parallel Computing, 19:143-152, 1993 ranch_and‘b
. [Lau94]  P.S. Laursen. Can parallel branch-an.d : Opg
ACKNOWLEDGMENT munication be effective?  SIAM . oung Withy
LE 4(2):143-152, 1994, "al on Qpy;, . - 4
: : SN, ag,,
The research of Frederico Rodrigues Borges da Cruz and [LZCS/] ?V;'ilt);:ll:i.nLucnea,tN. Zviani, and R. M. B, Cabra], 7 o
: N . >
Geraldo R. Mateus is supported by grants from Conselho Na- tational gxpedgz:eetwgztcpr?blem: Formalizationhe Clephoy, 3
. L ; \ . J . 4
cional de Desenvolvimento Cientifico e Tecnoldgico, CNPq, 210, 1987. ele Applied Ma[hemati?: dfg’ T
Fundacao de Amparo a Pesquisa do Estado de Minas Gerais, [MCL94] G.R. Mateus, F. R. B. Cruz, and H. p e
FAPEMIG. and Pré-Reitoria de Pesquisa, PRPq, UFMG. for hierarchical network design. Locq - Luna, pp g
. Location §.; Sonthy,
164, 1994. Clence, 1)1 |
REFERENCES ML) 5 R& Mateus, C. L. P. S. Pddua, and H, p, ‘
, grated network models for local * ©+ L Lung |
[BMM94]  A. Balakrishnan, T. L. Magnanti, and P. Mirchandani. A dual- ceedings of the International ng;cc.ess network desin Inl;,ne’ ,;
based algorithm for multi-level network design. Management 1996, pages 6-10, A écommunications gy, .~ 4
Science, 40(7):567-581, 1994. Quis7] M. J. Quinn. D , capulco, Mexico, 199¢ YMposiyp,
. A b n. Designing Efficient Aloori 'j
[CMM98]  E.R. B. Cruz, J. MacGregor Smith, and G. R. Mateus. Solv- puters. McGraw-Hill Boo{: Co':nA[‘gor”hms Jor Paralle ¢, 4

:)Ilﬁbtlo Optlnéalnty the uncapacitated fixed-charge network flow 1987. pany, New York, firs edilion. "

em. Computers & Operations R 67— |

1908 P esearch, 25(1):67-81, [Tang&1] Q i "ll";ginbaum. Computer Networks. Prentic Hal

Or . . . - al, N"

[(CMM99]  F.R. B. Cruz, J. MacGregor Smith, and G. R. Mateus. Algo- [TCM95]  A. 1 Tavares, M b
rithms for a multi-le izt {Eor (s ¢s, M. L. B. Carvalho, and .

vel network optimization problem. E ; : G.R. Mateus. Aide |

pean Journal o ' P Eiod b sign and analysis of distributed b - G o |

o f Operational Research, 118(1):165-181, 1999 In Annals of XV International C ranch-and-bound algoriins §
J.R. Current S national Conferenc i o i

urrent, C. S. ReVelle, and J. L. Cohon. The hierarchi- ety of Computer Science, pages 41{8—4HSL§ Uf{rtlléea Cé;ljan 15;;: ."3

Chilean Society of Computer Science.




