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Abstract— X
This paper discusses the parallel implementation of direct

ethods for the solution of positive d.eﬁnite sparse linear
cystems. The adopted procedure consists of four phases:
ordering With the use of the approximate minimum degree
algorithm; symbolic .factonzatlon; Choleski numerical
factorilaﬁ"“; and solution of the final triangular system. It
has been implemented on a 6 proces.sor IBM SP2 platform
with the use of MP!, Only the Choleski fac.torization phase has
heen implemented In parallel. However, c!lfferent permutation
matrices are concurrently processed dm:mg the ordering and
symbom factorization phases by the ayanl:.able processors. The
cesult with the lowest n.um!)er of fill-ins is the one processed
by the numerical factorization. The s‘ystem performance has
heen evaluated with the use of matrices extracted from the
Harwell-Boeing set. Speed-up factor.s. above 4 have been
achieved with 6 processors. In addition, over 30% fill-in
reduction has been obtained by the concurrent processing of

alternate ordering possibilities.
Keywords—  Sparse linear systems, minimum degree

ordering algorithm, Choleski factorization, MPI, parallelism

[. INTRODUCTION

As pointed out by Duff [DUF 97], t.he 59]ution of large
sparse linear systems is frgquently required 1n a wifie range
of engineering and scientific prqblqns, su.ch as: air traffic
control, astrophysics, VLSI circuit simulation, o1l reservoir
simulation, structural analysis, optimization, etc. In
Jddition, recent studies [SAA 98] show that over 70% of
the computational time spent on supercomputers by
<cientific applications is due to work related to sglving
large scale linear systems. Therefore, a Slgmﬁcant
improvement on the performance of such applxcatxons can
be produced by providing efficient computatlonal methods
for solving such systems. This observation and the current
availability of parallel processing platforms have been the
motivation for this work. . |

In this paper, techniques for the parallel implementation

of direct methods for solving sparse positive definite linear
analyzed and evaluated through the

systems  are .
complete package for solving such

development of a

systems using MPI [PAC 97] on a 6 processor IBM SP2
platform [AGE 95]. The adopted direct method for solving
Sparse linear systems consists of four phases: minimum
degree ordering, symbolic factorization, Choleski numerical
factorization and triangular system solution. The Choleski
factorization has been implemented in parallel with the use
of different approaches for workload distribution among the
processors. The ordering and symbolic factorization phases
are concurrently processed by the available processors
which explore alternative ordering paths. The performance
of the implemented system has been evaluated with the use
of 7 matrices extracted from the Harwell-Boeing collection.

Section 2 of this paper briefly describes the four
processing phases which are used by direct methods for
solving sparse linear systems. Section 3 describes the basic
minimum degree ordering algorithm and explains the
operation of the adopted approximate minimum degree
algorithm. In addition, this section also describes the
symbolic factorization phase and the concept of elimination
trees. The adopted approach for exploiting the availability
of a set of processors to improve the quality of the ordering
algorithm is also discussed in Section 3. Section 4 describes
the Choleski numerical factorization procedure and
presents the adopted technique for its parallel
implementation.  Section 5 describes and analyses the
experimental results obtained on the IBM SP2 — MPI
platform. These results have been obtained for a set of
matrices considering different approaches for the workload
distribution among the processors during the Choleski
factorization phase. Finally, Section 6 summarizes the main
conclusions and comments on some natural evolutions of

this work.

II. DIRECT METHODS FOR SOLVING SPARSE LINEAR
SYSTEMS

Two common approaches for solving linear systems are the
direct methods and the iterative methods, such as
successive over-relaxation (SOR) and conjugate gradient.
This work focuses on the use of direct methods based on
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and the solution of the original system is given by: Ly=Pb,
L z=y, x=P'z.

Unfortunately, finding P In order
generation 1S an NP-complete problem [YAN 8l1].

Therefore, some sort of heuristics, as the minimum degree
[ROS 70, ROS 73, DUF 74, DUF 82, GEO 80a, GEO 80b,
GEO 81. GEO 89, LIU 85, AME 96] or the nested
dissection [GEO 73, GEO 78] algorithms, has to be adopted
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is called symbolic factorization. Following this step, the

lower tniangular matrix L 1s computed as a factor of PAP'
yvithm the numerical factorization phase, which 1s the most
time consuming step of the overall procedure and the one
which offers the most suitable opportunities for the efficient
use of parallelism, since, due to the sparsity of the
coefficient matrix, the factorization work for some columns
can be processed in parallel.

‘ Finally, the fourth and last phase solves the linear
triangular system by back substitution. It requires much less
gomputation than the numerical factorization and has only a
limited amount of parallelism. The parallel implementation
of thcxs ‘phasc has been studied by Alvarado et al. [ALV 93]
but it is out of the scope of this work due to its limited

benefit to the overall procedure performance.
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sximate minimum degree algorithm. In this algorithm,
quotient graphs are gscd and just upper bound.s for ghc node
degrees are determined. The resulting algf)mhm e faster
" raditional minimum degree algorithms and  the
qumber of generz.ltcd fill-1ns 19 comparable to the best
cesults achieved with those al gpnthms. ' . |

After finding the permutation matrix P in the ordering
o next step of the direct method procedure

erforms the symbolic Cholcski' facto.rization of thp

r’csulling PAPT matrix. No floating .pomt opcratlon 1S
‘med, but the number of symbolic operations at this
phase is the same as the number'of floating point operations
within the numerical factorization phase. The goal of the
symbolic factorization is to set up the data structures
qeeded for storing the triangplar matrix .wl.nch will result
from the numerical factorizanon.by p'redlctmg the amount
,nd the location of the fill-ins which will be produced.

[t can be shown [GEO 81] that the structure of the non-
Jero elements of a column j in matrix L 1s given by the
anion of the strictly lower triangular structure of that
column 1n matrix A with the structure of every column in L
which has its first off-diagonal non-zero element in row .
Fig. 1 illustrates the application of this simple 1dea to find
out the structure of the L matrix which will be derived from
the factorization of the original A matrix. In this figure, "X"
represents the non-zero elements in the original A matrix
and "+" represents the fill-ins that will be generated in

gm'ﬂ'
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Fig. 1 Original Matrix A and Structure of Matrix L After
Symbolic Factorization

Once the structure of the non-zero elements of the
resulting L matrix is determined, the data dependencies
among columns regarding the numerical factorization step
can be analyzed. This is very important for an efficient
paralle] implementation of the numerical factorization
procedure. The elimination tree 18 the structure used for this

analysis. In this tree, each node represents an L matrix
column and the descendants of a node k are the nodes
associated with the columns which have to be factorized
before column k can be. The node k parent in the
climination tree is the smallest j node such that j > k and
L[j, k] # 0. Fig. 2 illustrates the elimination tree derived
from the L matrix shown in Fig. 1.
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Fig. 2 The Elimination Tree

Both the minimum degree ordering algorithm and the
symbolic factorization procedure have very efficient
sequential implementations. Therefore, little or no benefit 1s
achieved with the parallel implementation of these
processing phases. Nevertheless, the result produced by the
ordering algorithm has great impact on the efficiency of the
numerical factorization phase parallel 1mplementation,
since it defines the number of fill-ins and the elimination
tree shape. It has also been observed [KUM 94] that the
sparsity pattern of the resulting L matrix is sensitive to tie-
breaking between candidate pivots during the application of
the minimum-degree ordering algorithm. Different
permutations of a matrix satisfying the minimum-degree
criterion may produce different degrees of fill-in and
parallelism during the factorization phase.

Therefore, the availability of processors on the IBM
SP2 platform has been used in this work to concurrently
exploit different matrix permutation alternatives due to the
existence of more than one candidate pivot at different steps
of the minimum degree ordering procedure. These different
matrix permutations are processed concurrently throughout
the ordering and symbolic factorization phases, and the one
which produces the best result in relation to fill-ins 1s
chosen to be processed within the parallel implementation
of the Choleski numerical factorization phase.
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The numerical factorization is typically the most
time consuming phase of the overall procedure. In order to
speed up its processing, the work related to columns
belonging to disjoint sub-trees of the elimination tree can be
performed in parallel. Under this scheme, communication
between any pair of processors p and g 1s required
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assigned to processor ¢. In this case, processor p has to
Isgc;ndl to processor ¢ the result of the summation shown In
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qpproachcs to the worklo
qvailable processors.

The IBM-SP2 system which has been us
thin processors running at 66.7 MHz, cach one with 256
MB of memory and 2 MB of leve] 2 cache, intcrconncclcd
by a 40 Mbytes/s switch and running the |

BM C compij
version 3.66 and the AIX 4.2.6 operating system. piler
As stated previously, within the minimum degree

ordering phase, all the available processors are used to
explore different pcrmutatxoxl alternatives tOncurrently, S,
whenever there 1s a list of pivot candidates gt any step of
the algorithm, each processor randomly chooses o pivot
candidate to process. Therefore, at the end of the ordering
phase, each processor may have generated a different
permutation matrix P The number of fill-ing produced by
each permutation is evaluated withijn the symbolic
factorization phase which is also Independently processed
by each processor. At this moment, an MPI collective

1S used to

ad  distribution among the

ed consists of 6

to all the other processors which cooperatively perfor
numerical factorization phase considering the use o
permutation matrix.

Before performing the numerical factorization, the
system distributes the work to be done among the n
available processors. Three different workload distribution
approaches have been used. The first one, D1, associates
each column j with the processor p such that j mod n =

= p. It
is a simple approach which tries to assign the same number

of columns to the processors without taking data locality
into consideration.

The second distribution approach, D2, searches the
elimination tree bottom-up for an intermediate level of the
tree consisting of n nodes. The processing of the columns
associated with each of the corresponding n sub-trees is
assigned to one of the n available processors..From that
level up, the remaining work tends to be assigned to a
smaller number of processors because the elimination tree
converges to a single root node. In this distributiog process,
however, data locality 1s always an important issue and
additional work associated with one particular node c?f th.e
tree 1s usually assigned to one of the processors which is
going to process at least one of the descendant sub-trees of
that node.

The third workload distribution approach, D3, scans the
elimination tree bottom-up and evaluates the number of
descendants of each node. Whenever this number gets clpsc
o or above a certain threshold value, defined as a function
of the total number of tree nodes and the number of
available processors n, the whole sub-tree lhz.u has this nod.c
as a root 1s assigned to one processor. This proc.edurc 1S
repeated until all processors have sqb-lrces assigned 1o
them and until all the tree nodes are assigned to a processor.

m the
f this
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Once again, after the initial assignment of.wo.rk to cvt‘gy
processor, data locality is the adopted criterion for the
assignment of additional work to a particular processor.
Table I summarizes the main characteristics of the 7
matrices used in the development of the experimental work.

TABLE I
MAIN CHARACTERISTICS OF THE TEST MATRICES

name size | #non-zero Application

‘ elem.
Bcesstk14 1806 32630

struct. analysis
(OmniColiseum)
struct. analysis
(offshore platform)
struct. analysis
(dam)
struct. analysis
(pressure tank)
struct. analysis
(nuclear power plant)
finite elements

Besstk15 3948 60882

Besstk16 4884 147631

Besstk17 10974 219812

Besstk18 11948 80519

Slrmq4m] | 5489 143300
S3rmt3m3 5357 106526

finite elements

For CVery matrix in Table I, experiments have been

carried out to evaluate the performance of the Choleski
factorization procedure considering the use of 1, 2. 4. and 6

processors and the application of the three workload
distribution approaches previously described. For each

experiment, Fig. 4 to Fig. 10 show the achieved speed-up.
In addition, Table II shows the number of fill-ins generated

in each case by the best permutation matrix found by the set
of processors in use.

The results show that the combination of the parallel

implementation of the Cholesk factorization with the
reduction of the number of fill-ins by the concurrent
evaluation of alternative permutation matrices in the

ordering phase have in general produced good speed up
results. Distribution D3 has been a clear winner in most

cases. Only for Besstk14 matrix a poor speed up (below 2)
has been achieved with the use of this distribution and 6
processors. Nevertheless, as shown in Table IL no other
distribution approach has succeeded in producing a better
result,

It is interesting to observe that for Besstk17 matrix, a
speedup factor above the number of processors has been
achieved with the use of distribution D3 and 4 Processors.
This kind of result is possible because the speed up factor is
not only a result of parallelism but also a result of the
reduction of fill-ins produced (over 30%) when 4
processors were 1n use during the ordering phase., as shm\{n
in Table II. Only with Besstk 15 matrix no reduction at all in
the number of fill-ins has been observed for any number of
processors 1n use during the ordering phase.
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4 lation 10 the nuxan of qnnmunicalion messages
4 by the pm'allc“algont_hm implementation, Table 11
rcqu’ chows that distribution D2 is the winner and
~Jearly D1 displays always the worst result

gistribulion . ition D2 h

dist heless distribution as often produced the worst
Ve : - .

Ne . relation to speed up because it has consistently

cesults Io find the best workload balance among the

. This problem 1s aggravated by the typical

tree  shape prqduccd by minimum degree

dering 3'80fi‘hqls. since dn§tnbut10ns D2 and D3 would

ornd 0 yield similar results if a more balanced tree were
(e

orated by the ordering algorithm, as it would probably
ic;pcn with the nested dissection algorithm:,
al.

TABLE III
NUMBER OF COMMUNICATION MESSAGES

\ 2 processors 4 L processors
D1 [ D2 | D3 | D1 [ D2 [ p3
—oesikld_| 1698 | 288 | 895 | 4919 [ 601 | 1652 |
BesstklS 3323 | 1339 | 2937 | 9575 [2096 | 7973 |
— k16 | 47211290 | 2500 |13862 | 1846 5218 |
—esstk1Z | 9911 ] 819 | 5183 12871811810 12116
—csstk18_| 8569 [ 1075 | 4898 1212921959 | 12027

aml 15443 | 205 | 1554 | 16155 226 | 1957

armom3 | 5307 | 736 | 1662 [15767] 958 | 1816 |

6 processors
3 b ) B R § Y 0000 ) Y Ve
79171 +720:1:22213

Besstk14 ai

Besstk15 | 15402 | 2370 | 11868
Besstk16 | 22416 | 1905 | 5018
Besstk17 | 46297 | 1870 | 14883

Besstk18 | 31220 | 1058 | 17160
Sirmgdml | 26601 | 205 | 2068
S3rmt3m3 | 26032 | 736 | 2017

.~

It should be pointed out thgt.all workload distribution
approaches tried to evenly divide the total number of
columns among the processors. Howeyer, the amount (?f
sctual work to be done for each column is not constant. It 1s
. fact proportional to the nur.nbc.:r of non-zero elements in
each column. Therefore, no distribution appr.oacl} has been
Jble to produce well balanced Wor}cload distribution among
the processors for all comblnatlops of .the npmber of
rocessors and matrix types. A§ an fllustrgtlo.n, Elg, 11 and
Fig. 12 show the resulting running time distribution among
the processors for the processing of the Bcsstkl8 matrix
with the use of the distributions D2 and. D}, rgspectwely.
As can be seen, in this particular case, dlStI.‘lbUtlon D3 has
schieved a very good workload distribution among the
processors while distribution D2 hasn’t. However, such

good result produced by distribution D3 does not hold for
some of the other matrices.
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Fig.11: Running Time - Matrix Bcsstk18 — Distribution D2
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Fig. 12: Running Time — Matrix Besstk18 — Distribution D3

VI. CONCLUSIONS AND FUTURE WORK

In this work two different approaches to parallel
processing have been adopted within the four processing
phases of direct methods applied to the solution of positive
definite sparse linear systems. The first approach is applied
to the minimum degree ordering and symbolic factorization
phases and its goal is to use the available processors to
concurrently  explore  alternative = minimum-degree
permutations generated at different steps of the ordering
process. Each processor performs in fact a totally
independent task and the end result is a fill-in reduction at
no extra cost.

The second parallel processing approach is adopted
within the Choleski numerical factorization phase. In this
case, a more cooperative pattern among the processors has
been used to perform a column-oriented factorization. The
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