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Abstraci—

The systolic paradigm that appeared in the late seventies
has contributed to parallel computing in two ways: the
development of the method allowed the parallelization
of nested loops algorithms and at the same time several
practical applications like cryptography and multimedia
using mostly 2-d grids.

Unifying these two tendencies we propose a new method
for semi-systolic algorithm synthesis, for uniform nested
loops. Our solution is better than the traditional ap-
proach if the target architecture is a grid.
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I. INTRODUCTION

The idea of parallel systolic algorithms appeared
in the late seventies [2, 4, 15] with the purpose to
take advantage of the rapid development of inte-
grated circuits for high performance parallel pro-
cessing.

In the mid eighties, after a period when the al-
gorithms were developed in an ad hoc way, the
idea of systolic algorithm synthesis was proposed
and a formal and systematic method [3, 7] became
available. Later this idea was generalized and ap-
plied in a wider context, not restricted to systolic
computing. From the new approaches, the main
one is the hyperplane method [8, 9, 10, 13, 14].

On the other hand, still nowadays systolic com-
puting is widely used in applications like cryptog-
raphy and multimedia. Usually these applications
use a 2-D grid with some limitations [11, 12].

This paper proposes the union of these ap-
proaches. The hyperplane method will be used
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0 map yp;
P uniform pested loop algorithms to a n-

imens; ; 3
dim ‘nangnn] grid using only first-neighbor com-
municatiop

Uniform nesgeq loops are very commeon in high
.perfnrm.-mce parallel computing and guaranteeing
that the target machine is always a grid makes the
implementation more straightforward and natural
10 use,

The paper has the following structure; In the see-
tion II we describe briefly the definitions and the
hyperplane method. The semi-systolic algorithm
is described in the section Il In section IV we
show the existence of operator T, the mapping op-
erator. Section V presents an example and section
VI concludes.

[I. THE HYPERPLANE METHGD

Consider a nested loop algorithm having the fol-
lowing general structure:

f'DI'?:l == sf[ {0 g do
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Where [ and t1 are constants, {;(3 . i)

and u, (i1, ,45—1) are the lower and upper ﬁihé.
o ;"he Joops and all variables used in Sttementg

S} to S have indices which are affine f‘.lnctfgﬁ

of i to in:



The computation set for this algorithm i defined
as

Pom = {JT: (iI:---:'iu}IEj = ?‘:J' = Ly, 1 < :f:’ﬁ}

The statements 5y to S are attributions anq the
differences between the indexes of the varj able of
the left-hand side (result) and each variap]e on i
right-hand side (operand) forms a n-dimensional
vector called dependency vector. The set of de-
pendency vectors c‘an be arranged as columns of
a dependency marrix.

Given two statements S, and S, it may exist
several pairs of indexes (I, J) in Dom such that
5y(Z) depends on 5, (.J). We will restrict our-
selves to the important subclass of uniform nested
Ioops, where the dependency vector between two
statements depends only on the difference of the'
indexes but not on their particular values. The im-

portance of this subclass comes from the follow=

ing two reasons:

I. Many algorithms for scientific computing

belong to this class.
2. The regularity of this structure allows a bet-
ter exploitation of parallelism.

Example 1

fori =0to N do
forj =0to N

S1:a(t,3) = b(i— 1,5 — 5) + d(i — 1,§ 4 4)

S5: b(i,5) = c(i — 1, + 6)
Ssic(iyg) = ali,j —2)
Sq: d(i,j) = a(d, 3 — 1)

This is a simplified version of a well-known e_gé-'::
ample considered in [5, 10] and others.
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For this example, the computation set is
Dom = {(i,7) € Z*[0<i,j <N}
and there are 5 dependency vectors: 3

51 =8 @ d = (0, 2)
Sg—%Sg : dg:(l,“ﬁ)
Sy — o T dy = (1, 5:1
81 =384 : dy= (0, 1)
S48 : ds=(1,-4) e

and the dependency matrix is

0 1 1 0 1
2 —6 3] 1
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The hyperplane method [10, 14]

cOnsidgr uniform nested ]OOps with dj
and let D p— (dlﬁ ien ,-dg-n) be a d{‘,pende
7 % T, The problem is to ﬁnd a schedy
e 91-_,;) which minimizes
JII. Je Dom}, under the following

I. -_rr-D:?U
9. GCD(71; -+ 3Tn) = 1

Meng;
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ling Vec
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All the points 7 and J in Do resting on the g
hyperplane parpendlculjar to 7, that is ¢ . f = o
J, will be processed simultaneocusly at time o .
I(=x - J). This hyperplane will be caljeq time
ﬁypgrplaﬂﬁ'-

This method identifies all points in the computa-
tion set which must be processed Sil'l'll]].[&t‘le:)ugly,
while minimizing the total execution time. How-
.;-,Q‘ef, it is possible that the solution is the best
Igapbjng for a given machine.

A dependency vector d going from p to G,
{pig} € Dom, cannot lie completely on a fhy-
perplane: if p € H;j, then g must be in Hs
be executed later, otherwise the dependency con-
straint would be violated. This condition follows
directly from the method.

The projection of (p', ¢’) of d on a hyperplane in-
dicates that a communication must be done from
the processor associated to p' to the processor s+
sociated to g'. It may be possible, by the hyper
Plane method, that p’ and ¢’ are not neighbors.

Our method avoids this problem by mapping 48y

uniform nested loop algorithm into a grid netwoik

using only first neighbor links.

III. THE NEW METHOD

‘The main characteristics of the method are the fol-
:-lowing_-

] 4 2 moves
® It is semi-systolic because the data @

through intermediate processors without DS
E ticipating in any operation.
A s a n-dimensional uniform
gorithm,
8 T s the transformation matrix of A- r
® The first line of T is the scheduling vects
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in the hyperplane method) and the (n — 1)
last lines form the mapping matrix.

* The mapping is done to a virtual (n — 1)-
dimensional of virtual processors.

e D is the dependency matrix of A. 4

* D = T*D is the transformed dependency
matrix.

e d € Dis acolumn of D and its first ele-
ment represents the time (number of cycles)
needed for the data arrive the destination.
The last (n — 1) elements indicate the com-
munication path.

® D = dj; is such that dy; > Y7, | djj |
This mean that the “large” dependency vec-
tors reach a later hyperplane. Figure 1 illus-
trates the case of dimension 2.

e Let z be a date with the dependency vec-
tor d = (dy,d, --,d,) generated in the
processor P(2,---,n) at the cycle #5. It
means that = must be in the processor P(2+
dy, -+ ,n+dy,) atthe cycle ty + d;.

e x walks in the grid in the following way:

x walks with a n-ple (dy,ds, - ,d,) where
d; represents the number of necessary steps
to enter the new operation and ds,---,d,
represent the number of connections that
must across in each direction 2, -+, n ( note
that the direction 1 was used to represent the
time). At each cycle, d; receives decrease
of one unit. = and (dy,dz," - ,d,) walk to
the direction of the first not null d; only
one connection (positive or negative sense
conformable to the sign of the di). dj re-
ceives decrease of one unit. This walking of
the z the (dy,ds, -+ ,dy) continues until the
da,---,dy be all null. In this instance if d;
is also null = enters in the operation at the
processor P(2 + da, - - - ,n + dy). However
if z > 0 then z stays in this processor and d
receives decrease of one umit in each cycle.
In the eycle in which,  enters in the opera-
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tion.
Asdy; > Siy | dij | itassures that  reach
to the target processor without delay.

s The hyperplane method for Semi-systolic

Algorithm v
Find T such that: . Ry
1. minimize maz{r - I — = J|I,J € Dom} = it
where 7 is the first line of the T. Fig, 1. before and Aties i
5 D = T*D satisfy dij 2 i | dij | T
A, W D>0 : ! jx"ﬁf-i}_t
. e ~ ' = 1 (med=maximum com- ey
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idence matrix of the A. We o : *133 example 1.
exists one T such that :
SRerty: dI-J = 21—2 | di_ﬂ,-‘ |

100 1 )
presents a dependency vec- i W20 —6.5 1 4
cographical positive. There- e -
element of each column is 1
B ik be setof ins Ris. L lo not satisfy the condition
to the first positive element 2 {t
. Without loss of general-

columns of D are

ol 12 1 3
4 a0 11 1 2
%on It needs 8V steps: the
yperplane method ([10D).

sat-

VI %ﬁﬁ-CGNCLUSION
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.tad the Semi-systolic Algorithm Sy
uniform nested loops for the Grid- I
R €8 the hyperplane method to generate & Semi-
e gorithm for the processor grid using

+ 1in T * d are Tl Mighbgr cnmumcallﬂl'l AS Umf?n;l
E8ted loops are of great interest in the hliﬂl

B ¢ 1 computer field, the poten
for each colummn other han

n is very large. In the
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S

mposium on Computer Archite

§pAC-PA p'2000 12*

a grid (2-dimension generally) makes the imple-
mentation much more feasible.
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