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Abstract. In this work we propose a new methodology for requirement
derivation of the dynamical requirements of a series elastic actuator ap-
plied to a legged robot. The leg model consists of a mechanism composed
of three links – representing the thigh, the shin and the foot – and two
Series Elastics Actuators (SEA) – representing the knee and ankle. The
stance phase of a running gait is modeled according to the Spring Loaded
Inverted Pendulum (SLIP) method. To make sure that sufficient extent
of running patterns is covered, the SLIP parameters are sampled inside
a predefined range using the Improved Distributed Hypercube Sampling
method. The number of samples used in this study is selected through a
convergence test. The leg performance is then studied through a compari-
son between the CoM trajectory obtained simulating the mechanism with
ideal actuators on its joints and with SEAs. A closed loop Impedance
Controller is used to calculate the torque required by each joint that
allows the system to behave as a spring, thus mimicking the spring-like
behavior of the leg during the SLIP movement. The SEAs are modeled
by a parametric transfer function that is also presented in this work. To
the best of our knowledge, this work is the first to propose a method
that accounts for the performance of this task execution.
Student level: MSc. Date of conclusion (defense): December 2019. To be
considered in CTDR.
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1 Introduction

Wheeled robots are simple to manufacture and their functioning is easy to com-
prehend, nevertheless they have some drawbacks, as they are highly dependent
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of an relatively well structured ground. The use of robots in activities that are
usually restricted only to humans, such as rescue or exploration of places of dif-
ficult access with irregular ground are now possible due to the recent advances
in legged locomotion

The animal muscle skeletal system is a nonlinear spring-mass system, nev-
ertheless it can be described as a spring-mass model consisting of a massless
spring attached to a point mass [1]. This model is know as Spring Loaded In-
verted Pendulum (SLIP) [13].

Heglund et al. [5] studied how speed and stride frequency changed with body
size and mass. McMahon et al. [10] showed a correlation between leg stiffness
and body speed. Other studies also show correlations between leg stiffness and
other parameters such as surface type [4], extra load [16], and so on. As shown
by Blickhan [1], animals use muscles, tendons and leg position to control leg
stiffness and force applied to the ground. A contemporaneous work by Hogan
[7], presented the possibility of controlling a manipulator end effector apparent
stiffness, damping and inertia – i.e. impedance – with redundant degrees of
freedom and force feedback control. This was called Impedance control.

The use of force control in robotics was made possible by work through
the 1990’s and 2000’s on force actuators. Pratt et al. [11] showed force source
actuators were achievable adding compliant elements between the power output
and load. They called them Series Elastic Actuators (SEA). Another important
work in this field can be found on [12], which also shows the design of SEAs to
be used in the robot Corndog, a planar running robot.

The contributions of this work are a novel framework for requirement deriva-
tion for a running legged robot, as well as parametric equation for SEA that
aids this task. Some similar works can be found on literature, [14] developed a
quadruped robot with hydraulic SEAs, the HyQ. Although, the robot require-
ments ability to walk and run in different conditions, the task chosen to derive
the actuator requirements is jumping in place higher than 0.15 m, which is not
guaranteed to be sufficient for running. Likewise, [9] designed a quadruped robot
with series elastic actuators, he focused in the design and control strategy for
the robot instead of requirement derivation.

This work is outlined as follows: Section 2 shows aspects of a legged robot
locomotion during running, Section 3 discuss the impedance control, SEA mod-
eling is shown on Section 4. A framework for requirement derivation and new
parametric equation for SEA are introduced on Section 5. The results and con-
clusion are shown on Sections 6 and 7.

2 Legged robot locomotion

2.1 Dynamic Model

The position of the robot in any given time can be described by its center of
mass (CoM) position xCoM ∈ R3, orientation of a reference body part in relation
to a reference Coordinates System (CS) θCoM ∈ R3, and the angular position
θ ∈ RN of its N joints. The state vector is q ∈ RN+6:
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q =

 θ
xCoM

θCoM

 . (1)

The robot dynamics can be written as [3]:

I (q) q̈ + C (q, q̇) + V (q̇) + S (q) =

τ0
0

+
∑
i

Jt
i(q)fi, (2)

where I (q) ∈ R(N+6)×(N+6) is the inertia tensor, C (q, q̇) ∈ RN+6 are the terms
due to the Coriolis effect, V (q̇) ∈ RN+6 are the velocity-dependent torques, and
S (q) ∈ RN+6 represent position-dependent torques. On the right hand side,
τ ∈ RN is the joint torque vector, fi = [fi,x, fi,y, fi,z]t ∈ R3 with i ∈ N is
a external force applied to the robot. The Ji(q) ∈ R3×(N+6) is the associated
Jacobian matrix, i.e. the matrix that maps the joints velocities to the end effector
velocities [3].

2.2 Spring Loaded Inverted Pendulum

The Spring Loaded Inverted Pendulum (SLIP) model can be described as a
spring-mass model consisting of a massless spring attached to a point mass. In
this case, the leg is seen as a line linking the body CoM to the foot that touches
the ground, Kleg is the leg stiffness, and m is the body mass (see Fig. 1).

Figure 1 shows the parameters used to describe the stance phase movement.
l0 is the uncompressed leg length, l(t) is the leg length in a given time t. θ0 is
the angle formed between the leg and the vertical in the instant that the foot
touches the ground, θ(t) the angle between the leg and the vertical in a given
time t. u = ẋ is the horizontal velocity of the CoM, and is assumed to have the
same value during the touch down and the take off. v = ẏ is the vertical velocity
of the CoM, and is assumed to have the same absolute value during the touch
down and the take off, but opposite direction. The positive direction is oriented
upwards as seen in Fig. 1.
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Fig. 1. SLIP parameters, based on [10].
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3 Impedance Control

The Impedance control approach consists in modulating the way the environ-
ment “sees” the physical properties of the robot. Although it is not possible for a
controller to make the hardware appear as anything other than a physical system
[6], one can manipulate how they are perceived externally. There are two types of
physical systems: admittances and impedances. Admittances transform an effort
input (torque, force) into a flow output (displacement, velocity). On the other
hand, impedances convert a flow input into an effort output. In other words, this
type of control could give the robot a behavior similar to a mass-spring system,
which can be useful to perform the movements needed in SLIP.

The derivation can be found in [8]. The actuator torque τ act can be calculated
by (3) :

τ act = I (θ) J−1 (θ) M−1K [x0 − L (θ)] + S (θ)

+ I (θ) J−1 (θ) M−1B [ẋ0 − J (θ)ω] + V (ω)

+ I (θ) J−1 (θ) M−1fint − Jtfint

− I (θ) J−1 (θ) G (θ,ω) + C (θ,ω) , (3)

where I (θ) is the inertia tensor, C (θ,ω) are the terms due to the Coriolis effect,
V (ω) are the velocity-dependent torques, S (θ) are position-dependent torques.

4 Series Elastic Actuators

According to Robinson [12], the transfer function of an SEA can be represented
by (4).

Ts(s) =
(KaKds+KaKp)Td(s)−

(
Jms

2 + bms
)
Θl(s)

Jm

Ks
s2 + bm+KsKdKa

Ks
s+KpKa + 1

. (4)

Where Ts(s) and Td(s) are the Laplace transform of the measured spring
torque and desired torque. Θl(s) is the Laplace transform of the load position.
Ka and Kd are the proportional and derivative gains, Ks is the elastic constant,
Jm is the motor inertia, and bm is the motor damping coefficient.

5 Methodology

5.1 Parametric equation for a SEA

Since (4) contains physical parameters, using it to derive requirements could
over-restrict the designers’ choices. Instead, its parameterization allows us to
study the impact of groups of parameters instead of choosing the value of each
one, which is a better practice.

Multiplying both the numerator and denominator by Ks

Jm
:
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Ts(s) =

Ks(KaKds+KaKp)
Jm

Td(s)−
(
Kss

2 + Ksb
Jm

s
)
Θl(s)

s2 + bm+KsKdKa

Jm
s+

Ks(KpKa+1)
Jm

. (5)

Using the approximation: KpKa + 1 ' KpKa [12], we arrive at

ω2
n =

Ks (KpKa)

Jm
, (6)

and

2ξωn =
bm +KsKdKa

Jm
. (7)

Since bm << KsKdKa [12], we have

ξ =
KsKdKa

2ωnJm
. (8)

At last we define:

ρ =
bm
Jm

. (9)

Substituting Equations (6), (8) and (9) into Equation (5) and rearranging
the terms:

Fs(s) =

(
2ξωns+ ω2

n

)
Fd(s)−

(
Kss

2 + ρKss
)
Xl(s)

s2 + 2ξωns+ ω2
n

. (10)

5.2 Robotic Leg Outline

Figure 2 below shows a schematic drawing of the robotic limb used for the
actuator requirement derivation. The layout is intended to be similar to a cat
rear legs, with degrees of freedom on the hip, the knee and the ankle. This is
a design already present in the literature, as can be seen on [15]. The center of
mass is assumed to be placed on the robot shoulder, as done in [18].

Fig. 2. Robot leg.
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5.3 Framework

The requirements derivation method proposed in this work will adopt the fol-
lowing iterative strategy:

1. A high level task will be set, with some performance requirements attached
to it;

2. This task will be simulated varying a set of parameters through a parameters
space;

3. The performance of the system will be assessed and the range of the param-
eters will be chosen;

4. The performance and parameters range from this set of simulations will be
used for a more detailed and complex model of the same task, returning to
step 1.

Following this framework, SLIP model simulations will be performed in order
to obtain a set of compatible SLIP parameters. Then, a robotic leg model with
ideal actuators will be used to refine the SLIP parameter set and obtain CoM
trajectories for different SLIP initial conditions. At last, a set of SEA parameters
will be obtained through simulations performed with a robotic leg model with
SEAs modeled by (5).

6 Results

6.1 SLIP Model Simulation

For the SLIP model simulation, the Drake toolbox was used. It is an open source
collection of tools for analysing robot dynamics, designed by the Robot Locomo-
tion Group of MIT Computer Science and Artificial Intelligence Lab (CSAIL)
[17].

The set of parameters to be studied were sampled using Improved Distributed
Hypercube Sampling (IHS) method. Convergence of the metrics was reached
with a set of 300 samples. The boundaries of the parameters space are shown in
Table 1.

Table 1. IHS limits for the SLIP parameters.

Parameter Minimum value Maximum value

l0 [m] 0.35 0.40

ẋ [m/s] 1.5 3.0

ẏ [m/s] -1.75 0.5

θ0 [◦] 35 45

For each sample point, an elastic constant that leads to a stable running was
obtained through a method called “Shooting K” [10]. In this case, stability means
that the final conditions for each step are symmetrical to the initial conditions.
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6.2 Robotic leg with ideal actuators

The robotic leg with ideal actuators model was simulated using Matlab Simulink
(Figure 3). The simulation consisted on the following steps:
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Fig. 3. Simulink model for a robotic leg with ideal actuators.

1. Force feedback control block: the center of mass (CoM) position and
velocity, along with desired leg virtual elastic coefficient provided by Kopt,
are used to calculate the force that should be provided by the leg mecha-
nism on its end effector (in this case, the shoulder). The CoM position and
velocity are also used as inputs for determining the joints position, velocities
and accelerations through inverse kinematics. Then, the joints positions and
kinematics were used to obtain the Jacobian of the mechanism, latter used
to calculate the desired torque that should be provided by each joint ideal
actuator;

2. Limb Dynamics block: the torques calculated by the Force Feedback Con-
trol block, along with integrated states from last iteration, are used as an
input for direct dynamics of the leg mechanism. New values for the states
were obtained.

The following hypothesis and simplifications were made:

– The simulation will be performed using rear leg configuration;
– The weight is evenly distributed on both rear legs;
– The paw of the leg touches the ground in one point;
– There is enough friction between the paw and the ground to avoid slipping

or any loss of contact;
– The paw joint is not actuated and is free to rotate;
– The center of mass is ideally placed on the shoulders, this assumption was

already used on other works such as [18];
– The actuators are able to provide instantaneously any torque required by

the control block.

The robot mass and inertia properties are shown in Table 2. To better un-
derstand the kinematic chain, see Figure 2.
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Table 2. Mass and Inertia properties of the leg
parts.

Mass [kg] Izz Length [m]

CoM 3.0 – –

Thigh (link 3) 0.5 21.88 × 10−2* 0.25

Shin (link 2) 0.5 3.13 × 10−2 0.25

Foot (link 1) 0.5 3.13 × 10−2 0.25

* The thigh inertia includes the CoM mass and po-
sition.

6.3 Robotic leg with SEA actuators

The robotic leg with series elastic actuators model was simulated using Matlab
Simulink (Figure 4). The simulation consisted of steps similar to the ones shown
in Section 6.2.

[qPaw]

[qPaw]
[dqPaw]

[dqPaw]

[qHip]

[qHip]

[dqHip]

[dqHip]

[qKnee]

[dqKnee]
[qKnee]

[dqKnee]

[qCOM]

[qCOM] -K-

-K-[qHip]

[qKnee]

[xCOM]

[yCOM]

TauHip

TauKnee

qHip

qKnee

qPaw

dqHip

dqKnee

dqPaw

dqHip

dqKnee

dqPaw

ddqHip

ddqKnee

ddqPaw

ddxCOM

ddyCOM

ddqCOM

[xCOM]

[yCOM]

qCOM

qHip

qKnee

xCOM

yCOM

TauHip

TauKnee

Fx

Fy

L

[qHip]
In1

In2
Out1

SEA1

In1

In2
Out1

SEA2
[qKnee]

[Fx]

[Fy]

[TauHip]

[TauKnee]

1/s

1/s

1/s

1/s

1/s

1/s

1/s

1/s

1/s

1/s

1/s 1/s

[qCOM]

[qHip]

[qKnee]

[qPaw]

[xCOM]

[yCOM]

[Fx]

[Fy]

[TauHip]

[TauKnee]

Fig. 4. Simulink model for a robotic leg with SEA actuators.

1. Force feedback control blocks: same procedure as in previous section;

2. SEA block: the required torques and joints positions will serve as inputs to
the SEA transfer function shown on Equation (10) and the torques provided
by the SEAs will be calculated;

3. Limb Dynamics block: same procedure as in previous section.

Also, the same hypothesis and simplifications described on previous section
were used, except that in this case we are using SEAs instead of ideal actuators.

Now that the trajectories have been selected, a range of SEA parameters
were tested and the results were compared to the trajectories obtained by the
ideal actuators simulated in Section 6.2. As a metric of performance, the root
mean square error (RMSE) between the shoulder position of the robot with
ideal actuators and the robot with SEA actuators was calculated for all 300
trajectories. Then, the RMSE between all 300 trajectories for a given set of SEA
parameters were calculated as shown in (11).
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RMSE =

√√√√√ 1

Nsamples

Nsamples∑
j=1

Npts∑
i=1

(yCoM,SEA,i,j − yCoM,ideal,i,j)2

Npts

. (11)

Where Npts is the number of points used for error calculation on a given tra-
jectory,Nsamples is the number of IHS trajectory samples, in this caseNsamples =
300, i is iterating the trajectory points, j is iterating over the samples, yCoM,ideal,i,j

is the CoM vertical position i on the j-th ideal trajectory, yCoM,SEA,i,j is the
CoM vertical position i on the j-th trajectory obtained using the simulation
model with SEAs.

The RMSE value was then compared for all sets of SEA parameters. Instead
of IHS sampling, now a more traditional grid sampling was used.

Since there are four SEA parameters being studied – namely: ωn, ξ, Ks and
ρ – they were divided into two groups, in order to allow for better graphical view
of the problem. The two groups are: ωn versus ξ, and Ks versus ρ.

6.4 Influence of SEA parameters: ωn versus ξ and Ks versus ρ

For the first round of SEA requirements derivation, only ωn and ξ were varied
and Ks and ρ were kept constant. Their range was chosen as shown in Table 3:

Table 3. SEA parameters range I.

Parameter Minimum value Maximum value

ωn [rad/s] 2π10 2π60

ξ 0.3 1.0

The range for ωn was chosen based on values found in the literature or data-
sheets of commercial SEAs. Although ωn is not exactly the natural frequency of
this system, it can be used as a first rough guess when the real values are not
known. The commercial actuator ANYdrive was chosen as a top commercial off-
the-shelf SEA to set the top limit of ωn range. The ANYdrive has a bandwidth of
60Hz and is the actuator used on the quadruped robot ANYmal, both developed
by the ANYbotics AG.

Figure 5 shows the RMSE for each set of parameters, Figure 6 shows a
comparison of a trajectory obtained with the ideal actuator simulation and the
ones obtained with the SEA simulation.

As shown in Figure 5, the performance of the robot is visibly low for lower ωn

values: there is a raising ωn from 10 to 35 Hz decreases the RMSE in 93.9%, but
raising the same parameter from 10 to 47.5 Hz decreases the RMSE in 96.7%.
This low performance is also visible in the trajectories shown in Figure 6, since
the actuator with ωn = 10 Hz is not even able to perform the required trajectory.
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Fig. 5. RMSE between the shoulder tra-
jectory of a simulation with SEA versus
ideal actuators.

Fig. 6. Comparison of a trajectory ob-
tained with the simulation using ideal
actuators and the ones obtained with
the SEA actuators.

Therefore, ωn = 35 Hz was chosen as a bottom threshold for this variable.
The influence of ξ is also visible, but not as prominent as the influence of ωn,
ξ = 0.65 was chosen as a bottom limit for the actuator. All trajectories were
simulated once more, with new ranges set as shown in Table 4. Figure 7 shows
the RMSE of all sets of SEA parameters.

Table 4. SEA parameters range II.

Parameter Minimum value Maximum value

ωn [rad/s] 2π35 2π60

ξ 0.65 1.0

For the last round of requirements derivation for the SEAs, the influence
of both Ks and ρ was studied. It is important to note that the previous round
already sets some boundaries for Ks, since it influences the values of ωn and ξ, as
shown in Equations (6) and (8). Although there are other parameters influencing
ωn and ξ, Ks cannot be as low as desired, since it would require raising too much
the values of the gains Kp and Ka of the SEA controller, which is not a good
practice [2].

Table 5 shows the range of the Ks and ρ parameters used in this study.
The range of Ks is very broad, since there are few information about the SEA
elastic constant in the literature. Commercial values are not available, since this
is a sensible information, and similar performance studies were found in the
literature.

The RMSE was obtained as described in Section 6.4. Figure 8 shows the
results.
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Table 5. SEA parameters range III.

Parameter Minimum value Maximum value

Ks [N/rad] 10 500

ρ 1 10

Fig. 7. RMSE between the shoulder tra-
jectory of a simulation with SEA versus
ideal actuators (ωn versus ξ).

Fig. 8. RMSE between the shoulder tra-
jectory of a simulation with SEA versus
ideal actuators (Ks versus ρ).

7 Conclusion

In this work, we presented a method for requirement derivation of a SEA to be
employed on a running legged robot. The CoM movement was modeled according
to the SLIP method. Then the spring-like behavior of the leg was executed
using Impedance Control, the each link position and actuator required forces
were calculated through inverse kinematics and the Jacobian of the system,
respectively. The local optimal virtual elastic constant of the leg was obtained
through Shooting K method, then the CoM trajectories were sampled using IHS.

To avoid over-restricting the design engineer, a parametric transfer function
for the SEA was proposed. All trajectories were simulated with a dynamical
model considering both ideal actuators or SEAs. The SEA performance was
then compared to the ideal actuators by calculation the RMSE between the
trajectories obtained on both simulations, for all samples.

As future works, one could also include studies about the vibration and tran-
sient dynamics that occur during the feet impact on the ground, and also the
influence of sensor characteristics (noise, quantization, sample rate, among oth-
ers things) on the robot performance.
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