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Abstract. This work proposes an extension of the Dynamic Epistemic Logic with
Communication Actions by adding the notion of postconditions from the Dyna-
mic Epistemic Logic with Assigments to deal with boolean assignments to action
models. Other concurrent logics, like the Concurrent Epistemic Action Logic in-
troduced by Ditmarsch, Hoek and Kooi, do not deal with boolean assignments.
We present an axiomatization and show that the proof of soundness, complete-
ness and decidability can be done using a reduction method.

Resumo. Este trabalho propõe uma extensão da Lógica Epistêmica Dinâmica
com Ações de Comunicação adicionando a noção de pós-condições da Lógica
Epistêmica Dinâmica com Atribuições para lidar com atribuições booleanas
para modelos de ação. Outras lógicas concorrentes, como a Lógica Con-
corrente de Ação, introduzida por Ditmarsch, Hoek e Kooi, não tratam de
atribuições booleanas. Apresentamos uma axiomatização e mostramos que a
prova de correção, completude e decidibilidade podem ser feitas usando um
método de redução.

1. Introduction
Multi-Agent Epistemic Logic has been investigated in Computer Science [Fagin et al.
1995] to represent and reason about agents (or groups of agents’) knowledge and beliefs.
Dynamic Logic aims to reason about actions (programs) and their effects [Harel 1984].
Dynamic Epistemic Logic [van Ditmarsch et al. 2008] is conceived to reason about acti-
ons that change agents (or groups of agents’) epistemic state, i.e., actions which change
agents knowledge and beliefs.

The first Dynamic Epistemic Logic was proposed independently by [Plaza 1989]
and [Gerbrandy and Groeneveld 1997] it is called Public Announcement Logic(PAL) .
There are many other approaches but the one that is used in this work is the Action Model
Logic proposed by [Baltag and Moss 2004, Baltag et al. 1998]. We choose this approach
because both [Benevides and Lima 2019] and [Benevides and Lima 2017] are extensions
of the Action Model Logic.

Concurrent Dynamic Epistemic Logic was introduced in [van Ditmarsch et al.
2003] and it was intended to extend Epistemic Action Logic proposed by Van Ditmarsch



in [van Ditmarsch 2001] with concurrent epistemic actions. In this extension, they use a
mechanism to deal with concurrency called “true concurrency”which is inspired on the
Concurrent Propositional Dynamic Logic proposed by Peleg in [Peleg 1987]. An inte-
resting work, entitled Logics of Communication and Knowledge, presented in [Sietsma
2012], proposes a framework for modelling message passing situations that combine pro-
perties of dynamic epistemic semantics and history-based approaches, which consists of
Kripke models with records of sent messages in their valuations. The Dynamic Episte-
mic Logic with Communication Actions [Benevides and Lima 2019] proposes another
approach to deal with concurrent actions, were the communication actions are represen-
ted as private action models and can be executed concurrently, they were inspired by the
work of [Gerbrandy and Groeneveld 1997] to represent communication actions as private
actions.

Action models with postconditions were proposed in [Benevides and Lima 2017]
as an extension of Action Models [van Ditmarsch et al. 2003] to deal with boolean assign-
ments. There others works that deal with assignments, like [van Ditmarsch et al. 2005],
but they are not based on the Action Model, in fact, they create a new mechanism to make
the assignments. Since [Benevides and Lima 2019] is based on the Action Models, it is
more straightforward for us to use [Benevides and Lima 2017] to deal with assignments.

Example: Consider that there are two students waiting for a message from a te-
acher to tell them which exercise each one should do, that the students must respond to
the teacher with ACK and that one student does not know if the other received or respon-
ded the message. To represent this we need to model the following actions: the teacher
sending the message (send action), each student receiving (receive action) and respon-
ding (response action) the message independently. We also need to guarantee that: the
receive action cannot be performed before the send action, the response action cannot
be performed before the receive action and the students’ actions can be performed con-
currently. We can model this using [Benevides and Lima 2019]. Now imagine that the
teacher message was wrong and that he wants to inform this to his students. The [Bene-
vides and Lima 2019] logic does not has assignments, so we cannot change the value of
the prepositions. The [Benevides and Lima 2017] logic has assignment but does not has
concurrent/communication actions so we cannot model the teacher sending the message
to both students at the same time. So it’s needed a new logic that can deal at the same
time with assignments and concurrent/communication actions.

This work proposes a way to combine the concepts of two Dynamic Epistemic
Logics, one that deals with assignments [Benevides and Lima 2017] and another that deals
with concurrency and communication [Benevides and Lima 2019], resulting in a new
Dynamic Epistêmic Logic to deal with assignments, concurrency and communication.
This approach allows us to prove soundness, completeness and decidability. The proofs
of soundness, completeness and decidability can be done using a reduction method.

In order to facilitate the proofs of soundness, completeness, and decidability we
restricted our concurrency approach, like [Benevides and Lima 2019]. We do not deal
with “true concurrency”like in [van Ditmarsch et al. 2003]. Instead,like [Benevides and
Lima 2019], we adopt the interleaving (non-deterministic choices of all possible paths)
approach used in process algebras like CCS and CSP. Since we are based on the Ac-
tion Models we can use the pre-conditions to restrict actions that must be executed after



another action. We do not deal with Common Knowledge, because this would make the
proofs more complicated, we will leave this as future work.

In Sections 2 and 3 we give a brief introduction to Action Model with Assignments
and Concurrent Dynamic Epistemic Logic. Next we present the Dynamic Epistemic Lo-
gic that we propose in this paper. The last section is the conclusion.

2. Action Model with Assignments
This section is based on [Benevides and Lima 2017].

In Action Model Logic we cannot change the value of the propositions. Action
Model with Assignments is an extension of Action Models to deal with boolean proposi-
tion assignments.

2.1. Syntax and Semantics
Definition 2.1 The Action Model language (L) consists of a countable set Φ of proposi-
tion symbols, a finite setA of agents, the boolean connectives ¬ and ∧, a modality Ka for
each agent a ∈ A and a modality [α] . The formulas are defined as follows:

ϕ ::= p | > | ¬ϕ | ϕ1 ∧ ϕ2 | Kaϕ | [α]ϕ,

α ::= (M, s) | α1;α2 | α1 ∪ α2

where p ∈ Φ, a ∈ A, (M, s) a rooted action model and 〈α〉 ↔ ¬[¬α]

Definition 2.2 A action model with assignments M consist of a structure 〈S,∼, pre, pos〉,
where:

• S is a finite domain of action points or events,
• ∼a is the equivalence relation in S for the agent a,
• pre : S 7→ L is the precondition function that assigns a precondition for each
s ∈ S,
• pos(s) = {(p, x)|∀p ∈ Φ and x = true or false}.

The language of the action model with assignments is the same language of the
action model without assignment. The premise that if an agent can differentiate the two
actions consequently he can differentiate the states resulting from these actions, still holds.
Definition 2.3 Given an epistemic state (M, s) withM = 〈S,∼a, V 〉 and a rooted ac-
tion model (M, s) with M = 〈S,∼, pre, pos〉, the result of a execution of (M, s) in (M, s)
is (M⊗M, (s, s)) whereM⊗M = 〈S ′,∼′, V ′〉 such that:

1. S ′ = {(s, s)|s ∈ S, s ∈ S, andM, s |= pre(s)},
2. (s, s) ∼′a (t, t) iff (s ∼a t and s ∼a t),
3. V ′(p) = {(s, s) | (p, V ) ∈ pos(s)}.

Definition 2.4 Given a rooted action model (M, s) with M = 〈S,∼, pre, pos〉, the defini-
tion of fpos(s) is:

1. L(s) = {p | (p, V ) ∈ pos(s)} , set of true propositions in s.
2. p1, ..., ph ∈ L(s).
3. q1, ..., qm 6∈ L(s).
4. fpos(s) = p1 ∧ · · · ∧ ph ∧ ¬q1 ∧ · · · ∧ ¬qm.

Definition 2.5 Given the rooted action models (M, s) with M = 〈S,∼, pre, pos〉
and (M′, s′) with M′ = 〈S′,∼′, pre′, pos′〉, their composition is the model of action
(M;M′, (s, s′)) with M;M′ = 〈S′′,∼′′, pre′′, pos′′〉:



• S′′ = {(s, s′)|s ∈ S, s′ ∈ S′∧
pos(s)→ pre(s′)}
• (s, s′) ∼′′a (t, t′) iff (s ∼a t ∧ s′ ∼a t′)

• pre′′(s, s′) = pre(s)

• pos′′(s, s′) = pos′(s′)

Incompatible states are eliminated by the precondition. In Action Model with
Assignments, the order of the composition is important, since an action can change the
value of a proposition.

2.2. Axiomatization

The following is an axiomatization for the Action Model with Assignment
fpos(s) = p1 ∧ ... ∧ pn ∧ ¬pn+1 ∧ ... ∧ ¬pm.

Axioms

1. [M, s]p↔ (pre(s)→ (fpos(s)→ p)),
2. [M, s]¬φ↔ (pre(s)→ ¬[M, s]φ),
3. [M, s](φ ∧ ψ)↔ ([M, s]φ ∧ [M, s]ψ),
4. [M, s]Kaφ↔ (pre(s)→

∧
s∼at

Ka[M, t]φ),

5. [[M, s]∪ [M′, s′]]φ↔ [M, s]φ∧ [M′, s′]φ,

6. [M, s][M′, s′]φ↔ [(M, s); (M′, s′)]φ.

Inference Rules

M.P. ϕ, ϕ→ ψ/ψ U.G. ϕ/Kaϕ ϕ/[α]ϕ UB. ϕ/σϕ

where σ is a uniform substitution of formulas by propositional variables.

3. Dynamic Epistemic Logic with Communication Actions
This section is based on [Benevides and Lima 2019].

3.1. Process Calculus

In this section, we present a very small process (program) calculus for the programs of
Dynamic Epistemic Logic with Communication Actions (DELWCA) proposed in [Bene-
vides and Lima 2019].

Let A = {1, ..., n}, denoted by i, j..., be a finite set of agents,
AMS={a1, a2, a3 . . . am} be a finite set of action models and N =
{c1, c2, c3, . . . , ck, c1, c2, c3, . . . ck} be a finite set of communication actions. As a
convention, communication actions with one overline represent output and with no
overlines represent an input. Communication actions can be combined to form a private
action model, by joining an output communication action with its respective input (
[c1, c1] = a1 ). The action model resultant from the join of two communication actions
is known as silent action, denoted by τ si,j(.), that can be interpreted as the result of a
communication between agents i and j1.

Definition 3.1 The Dynamic Epistemic Logic with Communication Actions language can
be defined as follows.

η ::= α | α.η | η1; η2 | η1 + η2, where α ∈ AMS ∪N
1As silent actions τsi,j(.) are interpreted as private action models, the index s denotes the root of the

action model τsi,j(.).



π ::= η | β.π | π1; π2 | π1 + π2 | η1 ‖ η2 · · · ‖ ηn
where n = |A| and ηi denotes the program performed by agent i.

We use π and η to denote processes (programs) and α and β to denote action mo-
dels and communication actions. The prefix operator . denotes that the process will first
perform the action α and then behave as π. The summation (or nondeterministic choice)
operator + denotes that the process will make a nondeterministic choice to behave as
either π1 or π2. The parallel composition operator ‖ denotes that the processes η1, ..., ηn,
performed by agents 1, ..., n respectively, may proceed independently or may communi-
cate through a common channel.

3.2. Language

In this section we present the DELWCA language.

Definition 3.2 The DELWCA language consists of a set Φ of countably many proposition
symbols, a set Π of programs as defined in 3.1, a finite set A of agents, the boolean
connectives ¬ and ∧, a modality 〈π〉 for every program π ∈ Π (as defined in section 3.1)
and a modality Ka for each agent a. The formulas are defined as follows:

ϕ ::= p | > | ¬ϕ | ϕ1 ∧ ϕ2 | 〈π〉ϕ | Kiϕ

where p ∈ Φ, π ∈ Π, i ∈ A and 〈π〉ϕ means that exists a execution of π that leads to a
state where ϕ is true.

3.3. Semantics

For communication actions (actions inN ) they [Benevides and Lima 2019] relax the fact
that relations in action models are equivalence relations.

Definition 3.3 Let A be the set of all agents and i, j ∈ A. The action model τ si,j(ϕ) =
(M, s), with M = 〈S,∼, pre〉, is defined as follows:

• S = {s, t}
• ∼i = {(s, s), (t, t)}
• ∼j = {(s, s), (t, t)}

• ∼k = {(s, t), (t, t)}, ∀k ∈ A\{i, j}
• pre(s) = ϕ
• pre(t) = >

3.3.1. Axiomatization

1. All propositional tautologies,
Epistemic Logic Axioms

2. Ka(ϕ→ ψ)→ (Kaϕ→ Kaψ),
3. Kaϕ→ ϕ,
4. Kaϕ→ KaKaϕ,
5. ¬Kaϕ→ Ka¬Kaϕ,

Action Model Axioms

6. [(M, s)]p↔ (pre(s)→ p),
7. Axioms (2) to (4) of section 2.2,

PDL Axioms
8. [π](φ→ ψ)→ ([π]φ→ [π]ψ)

9. [π1][π2]φ↔ [π1; π2]φ

10. [π1 + π2]φ↔ [π1]φ ∧ [π2]φ

11. [α.π]φ↔ [α][π]φ2

2It is important to notice that Prefix is a special case of Composition



12. [α.π]φ↔ pre(α)→ [π]φ
Concurrent Action Axiom

13. [η1 ‖ ... ‖ ηn]φ ↔ [Exp(η1 ‖ · · · ‖
ηn)]φ

Inference Rules

M.P. ϕ, ϕ→ ψ/ψ U.G. ϕ/[π]ϕ ϕ/Kaϕ

Proposition 3.1 ` [α; π2]φ↔ [α][π2]φ↔ [α.π2]φ↔ pre(α)→ [π2]φ

4. Dynamic Epistemic Logic with Assignments, Concurrency and
Communication Actions

To deal with assignments, concurrency and communication actions we need to combine
the concepts of [Benevides and Lima 2017] and [Benevides and Lima 2019]. Our appro-
ach is to add the assignment mechanism from [Benevides and Lima 2017] into [Benevides
and Lima 2019], creating a new dynamic epistemic logic (DELWACCA).

4.1. Syntax and Semantics

Definition 4.1 The DELWACCA language its that same of DELWCA and consists of a
set Φ of countably many proposition symbols, a set Π of programs as defined in 3.1, a
finite setA of agents, the boolean connectives ¬ and ∧, a modality 〈π〉 for every program
π ∈ Π (as defined in section 3.1) and a modality Ka for each agent a. The formulas are
defined as follows:

ϕ ::= p | > | ¬ϕ | ϕ1 ∧ ϕ2 | 〈π〉ϕ | Kiϕ

where p ∈ Φ, π ∈ Π, i ∈ A and 〈π〉ϕ means that exists a execution of π that leads to a
state where ϕ is true.

Definition 4.2 A action model with assignments, concurrency and communication M
consist of a structure 〈S,∼, pre, pos〉, where:

• S is a finite domain of action points or events,
• ∼a is the equivalence relation in S for the agent a,
• pre : S 7→ L is the precondition function that assigns a precondition for each
s ∈ S,
• pos(s) = {(p, x)|∀p ∈ Φ and x = V or F}.

The definition of the action model with assignments, concurrency and communi-
cation is the same as the definition of action model with assignments.

Definition 4.3 Let A be the set of all agents and i, j ∈ A. The action model τ si,j(ϕ) =
(M, s), with M = 〈S,∼, pre, pos〉, is defined as follows:

• S = {s, t}
• pre(s) = ϕ
• pre(t) = >

• pos(s) = {(ϕ, true)}
• pos(t) = {(ϕ, false)}
• ∼i = {(s, s), (t, t)}

• ∼j = {(s, s), (t, t)}
• ∼k = {(s, t), (t, t)}, for

all k ∈ A\{i, j}

In DELWACCA, like [Benevides and Lima 2017], the order of the actions matter,
because a postcondition of action can change the execution of the other action. In [Bene-
vides and Lima 2019] executing (α; β) is the same to executing (β;α), but this does not
hold in DELWACCA.



In order to obtain the definition of satisfaction for DELWACCA we add the fol-
lowing condition (from 3.3) to definition 2.4:

J(η1 ‖ ... ‖ ηn)K = { Jτi,j(.)K; J(η1 ‖ ... ‖ η′i ‖ ... ‖ η′j ‖ ... ‖ ηn)K, for all (ηi
c1→ η′i) &

(ηj
c1→ η′j) }

⋃
{ JαK; J(η1 ‖ ... ‖ η′i ‖ ... ‖ ηn)K, for all (ηi

α→ η′i) }

4.1.1. Axiomatization

1. All propositional tautologies,
Epistemic Logic Axioms

2. Axioms (2) to (5) of section 3.3.1,
Action Model Axioms

3. Axioms (1) to (4) of section 2.2,

PDL Axioms
4. Axioms (8) to (11) of section 3.3.1,
5. [α.π]φ↔ pre(α)→ (fpos(s)→ [π]φ)

Concurrent Action Axiom
6. Axiom (13) of section 3.3.1,

Inference Rules

M.P. ϕ, ϕ→ ψ/ψ U.G. ϕ/[π]ϕ ϕ/Kaϕ

Proposition 4.1 ` [α; π2]φ↔ [α][π2]φ↔ [α.π2]φ↔ pre(α)→ (fpos(s)→ [π2]φ)

4.2. Soundness, Completeness and Decidability

4.2.1. Soundness

We need to prove that all axioms are valid. Almost all axioms are from other dynamic
epistemic logic, like [van Ditmarsch et al. 2008], [Benevides and Lima 2017] and [Be-
nevides and Lima 2019]. The only axiom that was introduced by us (5) can be seen as a
particular case of axiom (6) from section 2.2. So all axioms are valid.

4.2.2. Completeness and Decidability

The proof of completeness is similar to the proof for Public Announcement and Action
Models Logics introduced in [van Benthem et al. 2006] Dynamic Epistemic Logic. We
prove completeness showing that every formula in DELWACCA is equivalent to a for-
mula in Epistemic Logic. In order to achieve that we only have to provide a translation
function that translates every DELWACCA formula to a formula without assignments,
concurrency and communication actions. The only difference to the proof in [Benevides
and Lima 2019] is that now we have given a translation to postconditions, which was
already done in [Benevides and Lima 2017]. The proof is straightforward, since we have
all the translations from [Benevides and Lima 2017] and [Benevides and Lima 2019], we
only need to change a constant value in the cost of c(M, s), this constant value is bounded
by the length of fpos(s). Decidability follows directly from the decidability of S5a.

5. Conclusions
In this work we present a Dynamic Epistemic Logic with Assignments, Concurrency and
Communication Actions. In order to achieve that we combine process calculus from
[Benevides and Lima 2019] with the assignments from [Benevides and Lima 2017].



We show that is possible to combine these two logics into one and highlight the
limitations. The main feature of it is the adition of postconditions to the Action Models
from [Benevides and Lima 2019].We present an axiomatization and show how to prove
soundness, completeness and decidability.

As future work we would like to investigate the extension with common kno-
wledge and/or iteration operators, study other types of communications where agents are
not reliable or not trustful, change DEMO to deal with this dynamic epistemic logic, or
create a new Model Checker, to deal with assignments, concurrency and communication.
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