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Abstract. This paper aims to study the Atanassov’s correlation coefficient (A-
CC) between two of Atanassov’s intuitionistic fuzzy sets (A-IFS), obtained as
images of intuitionistic fuzzy modal operators. The composition of modal op-
erators are investigated, verifying under which conditions an A-CC preserves
the main properties related to conjugate and complement operations performed
on A-IFS. In addition, a simulation based on the proposal methodology using
operators described above is applied to a medical diagnosis analysis.

1. Introduction

The expression of uncertainty and imprecision has been widely discussed over the
years, generating several extensions to the theory introduced by Zadeh [Zadeh 19635].
Atanassov’s intuitionistic fuzzy sets (A-IFS) [Atanassov 1986]] are used to explain
the situations where there is hesitancy in the information describing the member-
ship and non-membership degrees of elements in fuzzy sets (FS). An A-IFS con-
siders the informations of these degrees and also providing the hesitation (uncer-
tainty) margin related to the Atanassov’s intuitionistic fuzzy index (A-IFIx), as re-
ported by [Szmidtetal. 2012] approach. This approach leads to a great numbers
of studies, all of them are closely connected with the correlation coefficient (A-
CO) [Reiser et al. 2013| |Bertei et al. 2016, IBerte1 and Reiser 2018, |[Bertei et al. 2021]] be-
tween two intuitionistic fuzzy sets, mainly those applied to processes of decision-making,
such as clustering analysis [Meng et al. 2016]], digital image processing and medical di-
agnosis [Berte1 and Reiser 2019].

The A-CC was conceived as a strict association between two variables and defined,
in the Pearse correlation coefficient case, as a linear relationship of them, assigning +1
in the case of a positive linear relationship increasing their variable values and, -1 in the
case of a negative (decreasing) linear relationship. In general, the correlation coefficient
describes how one variable moves in relation to another. A positive correlation indicates
that the two are moving in the same direction, achieving a correlation of +1 when they are
moving together. A negative correlation coefficient indicates that they move in opposite
directions instead. So, the closer an A-CC is to either -1 or 1, the stronger correlation
between these two A-IFSs. Therefore, when the correlation between two A-IFS is O,
there is no linear relationship between them.

This article mainly focuses on intuitionistic fuzzy modal (A-IFM) oper-
ators [Atanassov 1986] which have been systematically studied by different au-
thors [Atanassov 2012, Dencheva 2004]. In the A-IFS theory, many interpretations for
the modality can be achieved, based on the corresponding modal operator expressions.



Some algebraic and characteristic properties of these operators were already ex-
amined and discussed in [Bertei and Reiser 2018, Bertei and Reiser 2019]]. This article
extend the results presented in [Berte1 et al. 2021]], studying A-CC relating to modal op-
erators as necessity, possibility together with the A-model operator. Based on their analyt-
ical expressions, fuzzy data analysis for a problem in medical diagnosis was considered.

This paper is organized as follows: preliminaries is described in Section [2[ and
presents the foundations on A-CC. In Section[d] this study includes the main results based
on A-CC obtained by modal operators. In the Section 5|the study includes the main results
based on A-CC obtained by modal operators and Identifying and Unary operator. In the
Section [6] is presents an application for the medical diagnosis. Finally, conclusions and
further work are discussed in Section [71

2. Preliminary

Firstly, a brief account on A-IFS is stated. Consider a non-empty and finite universe % =
{x1,...,x,} and the unitary interval [0, 1] = U. An A-IFS A; based on % is expressed as

Ar={(x,ua,(x),va,(x)): x €U} (1)
whenever the membership and non-membership functions Uy,, V4, : Z — U are related
by the inequality pa,(x;) + va,(x;) < 1, for all i € N, = {1,2,...,n}. An intuitionistic
fuzzy index (IFIx) or hesitance degree of an A-IFS A; is given as

7a, (xi) = 1= pa, (i) — Va, (xi). @)

And, the set of all above related A-IFS is denoted by €' (4;). Let U = {% =
(xi1,x2) €U 2 x4 xp < 1} be the set of all intuitionistic fuzzy values such that %; is a
pair of membership and non-membership degrees of an element x; € %, i.e. (x;1,xp) =
(14, (xi), va,(xi)). And, the related IFIx is given as 74, (x;) = x;3 =1 —x;; —xp, Vie N, =
{1,2,...,n}. The projections Igu, rgn : U" — U™ are given by:

lgn(X1,%2, .. %) = (X11,X21, -, X01)  Fgn(B1, 82,00, &n) = (X12,%22, .., %02). ()

The order relation <; on U is defined as: ¥ <g V& x1 <yrandx; > y,. More-
over, 0 = (0,1) <g <y (1,0) =1, forall ¥ € U.

Intuitionistic fuzzy negations and intuitionistic automorphisms are studied in
the following. See more details in [Bustince et al. 2003]]. An intuitionistic fuzzy negation
(A-IFNs) N; : U — U is a function verifying:

N]l N[(()) :NI(O, 1) = T and N[(i) :Nl(l,()) = 6;
N2 If ¥> 3 then Ni(%) <g Ni(5), V&, 5€U.

In [Bustince et al. 2000], if an IFN N also satisfies the involutive property
N3 N](N[(f)) =% Vviel,

Ny is called a strong A-IFN.
According with [Deschrijver et al. 2004, Theorem 3.6], Ny is a strong A-IFNs iff
there exists a strong fuzzy negation N on U such that:

Ni(x1,x2) = (N(Ns(x2)),Ns(N (x1))). @)

Thus, N; is an example of N-representable IFN. Moreover, if N is the standard
fuzzy negation (N(x) = Ns(x) = 1 —x) equation (4) can be given as



Ns;(%) = Ny, (x1,%2) = (x2,%1). )
By [Bustince et al. 2004], the complement of an IFS A w.r.t. Ny in (@) is given as

A={(x,Nj(up(x),va(x))): x€ % }. 6)

And, when N = Ny in Eq. (@), then the complement of an IFS A w.r.t. Ns; is expressed as
A={(x,va(x), ua(x)): x €U }. (7)

The function fy, : U" — U is the N;-dual operator of f : U" — U given as follows
Fr(Er %) = Ni NI, Np (). (8)

2.1. Intuitionistic Fuzzy Modal Operators

Following [Atanassov 1983]], a pair of operators, the necessity operator given as 0 : U —
U, O(xy,x2) = (x1, 1 —x1), and the possibility operator, defined as O : U — U, O(xq,x0) =
(I —xp,x7). These two operators and their properties resemble those of Modal Logic and
both can be applied to an A-IFS Aj, transforming it into a fuzzy set (FS), OA; and <CA;.

Definition 2.1. [Atanassov 1999] Let A; be an A-IFS. The sets OA;-IFS and <OAj-IFS,
related to the necessity and possibility modal operators are, respectively, given as
OAr = {{x, 14, (x), 1 — s, (x))|x € % } and CAp = {(x,1 — va,(x),va,(x))|x € Z}. (9)
When A; is a fuzzy set (14, (x) = 1 — v4,(x)) foreach x € %, then 0A; = A; = OA;.
Proposition 2.1. [Atanassov 1999, Prop. 1.42] For an A-IFS, the properties hold:
OA; = OA;, OA; =04, OOA; = OA;, DDA, =0A;, OOA;=OA;, OUA;=0A;. (10)
The operator A : U — U, given as A(x1,x) = (x1(1 —x2),x2(1 —x;)) can be
used in Intuitionistic Fuzzy Expert Systems and Intuitionistic Fuzzy Estimations of Expert
Knowledge [Atanassov 1999].
Definition 2.2. [Atanassov 1999, Def. 1.93]The A-IFS NAj is defined as

AAr = {(x, 1a, (%) (1= Vi, (%)), Vi, (0)-(1 = g, () |x € % } (11)
The A-IFS AA; has the properties stated in the following theorem:
Theorem 2.1. [Atanassov 1999, Theorem 1.94] For every A-IFS A, NA; = A\A;.
In the case of fuzzy sets, we have that AA; = {(x, la, (x)?, va, (x)?)|x € % }.
Thus, the A-operator is similar to Zadeh’s idea expressing the very-qualifier
[Zadeh 1975]. Moreover, if vy, (x) = 1 — 4, (x), ta, (x)> + va,(x)? = 1 — 24, (x)(1 —
Ha,(x)) < 1, i.e. when we have that 4, (x) > 0, then AA; is a proper IFS with the non-
determinacy degreee given as 74, (x) = 24, (x) (1 — 4, (x)).
3. Correlation from A-IFL
Using denotation related to equations (2)), (3)a and (3)b:
(,LLAI(X1>,‘UA,(X2>, oo ,,LLAI(Xn)> - (X]],XZ] g 7xn1) = Xl15
(Va, (1), va, (22), -+, Vi, () = (X125 X225 -+, Xm2) = Xis
(ﬂ:AI(XI), TL’A[(XZ)v cey ﬂA[(xn)) — (X13,x23, . 7xn3) - Xi3'
and the two corresponding classes of the quasi-arithmetic means are reported below:
(1) the arithmetic mean (AM) related to an A-IFS A;; and

(i) the quadratic mean (QM) is performed over the difference between each intuitionistic
fuzzy value of an A-IFS A; and the corresponding arithmetic mean

Thus, the quotient obtained from the product performed of such AM QM extends
the A-CC definition to the A-IFS approach.



Definition 3.1. [Szmidt and Kacprzyk 2012] The A-CC between A and By in € (Ay),
1
Ci(Ar,By) = §(C1 (A1,Br) +Ca(Ar,Br) + C3(Ar,Br)) (12)

is given when k € {1,2,3} based on the following equations:

1 ¢ 1 ¢
Xig— % L Xk | | Yik— 5 X Vi
j=1 j=1
2 2
n 1 n n 1 n
Y (xik - X xjk) Y <yik - X )’jk>
i=1 =1 =1 =

In [Szmidt and Kacprzyk 2012], the correlation coefficient C;(A;, B) in Eq.
considers both factors, the amount of reliability information expressed by: (i) the member-
ship and non-membership degrees expressed by C| (A7, By) and C»(Ay, By), respectively;
and (ii) the hesitation margins in C3(Ay, By).

Tra=

1

Cr(Ar,Br) =

Additionally, these expressions just make sense for A-IFS variables whose values
vary and avoid zero in the denominator. Moreover, C;(A;, By) fulfils the next properties:
(l) C(A[,B[) = C(A[,B[); (ll) IfA] = B] then C(A],B]) = l; (lll) —1 < C(A[,B]) < 1.
Proposition 3.1. [Bertei et al. 2016, Prop.1] Let N be a strong A-IFNs, A; and By be
A-IFS and A; and By be their corresponding complements. The following holds:

Ci(A1,Br) = C2(A1,Br);  Ca(A1,Br) = Ci(Ar,Br); C3(A1,Br) =C3(A,Br).  (13)
Corollary 3.1. [Bertei et al. 2016, Corollary.1] Let N be a strong A-IFNs, A; and By are
A-IFS and A; and By be their corresponding complements. The following holds:

Cr(Ar,Br) = Ci(A1,By). (14)
4. A-CC Results on Modal Operators

Extending the results presented in [Bertei et al. 2016l], the article [Bertei and Reiser 2018]]
studies the correlation between A-IFS obtained as the image of modal level operators as
OAJ-IFS and OA;-IFS that are obtained by action of dual and conjugate operators on U.

Proposition 4.1. [Bertei and Reiser 2018, Proposition 1V.3.] Let Aj-AIFS and OAj-IFS
given in Egs. (1) and (9). The A-CC between A;-IFS and OA;-IFS is given as

1
Ci(Ar, ©Ar) = 3 (C1(A1, QA +1), (15)

whenever the following holds . . )
;1 <xi1 -1y xj1> <—xiz+,l, Y Xj2>

=1 =1
C1(A1,CA)) =
J

2 2
n 1 n
xjp | X | X2ty XX
1 i=1 =1

Proposition 4.2. [Bertei and Reiser 2018, Proposition IV.3.] The correlation coefficient
between an Aj-1FS and a CA-IFS is given as
Cr(A1, QA1) = —C1 (A, QA)) (16)
Proposition 4.3. [Bertei and Reiser 2018, Proposition IV.5.] Let Aj-IFS, OA;-IFS and
OA[-IFS given by Egs. 1} [9a) and (b). The following holds:
C[(A[, DA[) = (A[, <>A1) 17)

Tt
™=

14



Proposition 4.4. [Bertei and Reiser 2018, Proposition IV.7.] Let A; be an A-IFS. The
correlation between A-IFS Ay and DA is given as

Ci(A1,DA;) = —C/ (A, DA)) (18)
Proposition 4.5. [Bertei and Reiser 2018, Proposition IV.9.] Let Aj-IFS, CAp-IFS and
OA;-IFS given as Egs. [l [Ha) and (b), respectively. The following holds:

1
C/(CA,OA)) = 3 (C1 (A1, CAr) +Cr(Ar,0A))) (19)

Proposition 4.6. [Bertei and Reiser 2018, Proposition IV.11.] Let OA;-IFS and Aj-IFS
given by Egs.[9a) and (b), respectively. The following holds:

C/(SA7,0A)) = % (C2(S A7, A7) 20)

whenever the following expression holds
‘):1 X2 — ):lsz Xil =y ):lle
J— = = =
C(CA;, 0A;) = ’ d

2 2
n 1 n n 1 n
Y lxo—n Xxp| X |lxai—5 X xn
=1 =1 =1 =

Proposition 4.7. [Bertei and Reiser 2018, Prop. IV.13.] For an A-IFS A, we have that:
- 2
Ci(CA, DA = §(C1 (A1, QA))) 21
5. A-CC Results on Modal and AA; Operators

This section reports main results of A-CC related to A-IFS, OA;-IFS, CA-IFS, and AA;
obtained by the action of dual and conjugate operators on U.

Proposition 5.1. Let CA;— IFS and the operator ANAy given in Equations (9) and (I1).
The correlation coefficient between NAj and < (AAj) is given as

C](AA[,O(AA[)) = %(C] (AA],Q(AA])) + 1) 22)

whenever the following holds

n

'Zl<(xt'1(1 —xp)) =y l(le(l —sz))><(xi2(1 —xi1) ,n (xj2(1 —le))>

i= Jj=

=

Ci (DAL O(AA)) = (1)

2 2
\l 'Zl<(xil(l —xp))—1 Zl(le(l —ij))> 'Zl<(xi2(l —xip))— 1 Zl(sz(l —le))>
i= Jj= i= Jj=
Proof. Straightforward from Proposition §.1] O
Proposition 5.2. The A-CC between the operator NAj and O(AAp) —IFS is given as
Ci(AALL,O(ANA))) = —Ci(AAL,O(AA))) (23)
Proof. Straightforward from Proposition 4.2 [

Proposition 5.3. Let OA; — IF'S and NA; be operators given in Equations (%) and (I1).
The correlation coefficient between ANA; and O(AAj) is given as

C](AA[, D(AA[)) = C[(AA], O(AA])) 24)
Proof. Straightforward from Proposition §.3] O
Proposition 5.4. The A-CC analysis between ANAj and O(AAj) operators is expressed as

C(AAL, O(AAD) = —Ci(AAL O(AA)) (25)



Proof. Straightforward from Proposition §.4] O
Proposition 5.5. Let OA; — IFS, OCA; — IFS and NA; be operators given in Equa-
tions (), (9p) and (I1)). The A-CC between O(AA;) and O(AAy) is given as

Ci(O(AAr), O(A4r)) = 5 (CL(AAL O(AAN) + Co(AALB(AAD)) - (26)
Proof. Straightforward from Proposition 0

Proposition 5.6. Let OA; — IFS, CA; — IFS and NAj be operators given in Equa-
tions (9a), (9p) and (I1)), respectively. The next results are verified:

Ci(O(AA)),O(AA))) = g(Cz(D(AAI),O(AAI)) 27)
whenever the following expression holds

)y ((xiz(l —Xi1)) — %él(sz(l —le))> ((xil (1—xp)) — %él(le (1 —XjZ))>

- i=1

G (O(AA),O(AA)) = 2

2
\J i((xiz(l —xi1)) — %j)i:](sz(l —xj1))> il((xil(l — X)) — %j)i:](le(l —sz))>

i=1 i=

Proof. Straightforward from Proposition 4.6 [

Proposition 5.7. Let OA; — IFS, OCA; — IFS and NA; be operators given in Equa-
tions (9u), (9p) and ({I1)), respectively. The following expression holds:

2
Ci(B(AAL), O(AAf)) = Z(Ci1(AAL O(AA))) (28)
Proof. Straightforward from Proposition O

6. MADM - MEDICAL DIAGNOSIS

Previous analytical expressions of modal operator A-CC are applied in developing a
method to medical diagnosis (MADM-MD) which is adapted from [Xu 2000]) related to
a medical knowledge base, providing a proper diagnosis D = {Viral fever (VF) , Malaria
(Ma) , Typhoid (Ty) , Stomach problem (SP) , Chest problem (CP)} for a patient with the
given symptoms S = {temperature (T), headache (H), stomach pain (SPa), cough (C),
chest pain (CPa)} described in terms of A-IFSs. One methodology is applied where uses
necessity, possibility modal operators and the operator A in MADM-MD.

The necessity modal operator () in the Eq. ) together with the operator (A)
and O(AT1) are applied to values from Table 1 (T1) in [Xu 2006], resulting in values
of Table|l} In addition, each symptom is described by its related membership and non-
membership degrees. The possibility modal operator (<) in the Eq. (9p) along with oper-
ator (A) and O(AT?2) are applied to values of Table 2 (T2) in [Xu 2006], and symptom
results are described in Table[2] In this case study, the set of patients is given as follows: P
= {Al, Bob, Joe, Ted}. So, we need to seek a diagnosis for each patient p;, fori=1,2,3,4.

Thus, the A-CC in Eq. (12) is calculated considering Tables [I] and [2] deriving a
diagnosis for each patient. The method is performed applying the A-CC between the
operators O(AT1) and O(AT2). Such results are listed in Table 3]

Based on the arguments in Table (3| for the method the diagnosis is given as fol-
lows: Al suffers from Viral fever, Bob from a stomach problem, Joe from Typhoid, and
Ted from Viral ferver. Additionally, one can observe that in Xu [Xu 2006], the diag-
nosis is the same in three patients (Bob, Joe and Ted) and it is differs in other (Al), in
Bertei [Bertei and Reiser 2019]) the diagnosis is similar in Al, Bob and Joe and differs in
Ted. The difference in the results are justified by use distinct methodologies.



Table 1. Symptoms characteristic for the diagnoses

VF Ma Ty SP CP
T (0.4,0.6) (0.7,0.3) | (0.21,0.79) | (0.03,0.97) | (0.02,0.98)
H | (0.15,0.85) | (0.08,0.92) | (0.54,0.46) | (0.12,0.88) (0,1)
SPa | (0.03,0.97) (0,1) (0.06,0.94) | (0.8,0.2) | (0.04,0.96)
C 1028072 | (0.7,03) | (0.08,0.92) | (0.06,0.94) | (0.04,0.96)
CPa | (0.03,0.97) | (0.02,0.98) | (0.01,0.99) | (0.06,0.94) | (0.72,0.28)
Table 2. Symptoms characteristic for the patient
T H SPa C CPa
Al | (0.98,0.02) | (0.96,0.04) | (0.36,0.64) | (0.96,0.04) | (0.46,0.54)
Bob | (0.2,0.8) | (0.76,0.24) | (0.96,0.04) | (0.37,0.63) | (0.28,0.72)
Joe | (0.98,0.02) | (0.98,0.02) | (0.4,0.6) | (0.44,0.56) | (0.5,0.5)
Ted | (0.96,0.04) | (0.8,0.2) | (0.72,0.28) | (0.94,0.06) | (0.72,0.28)

Table 3. Resulting A-CC of symptoms for each patient

VF | Ma Ty SP cP
Al | 0,562 | 0,486 | 0,399 | -0,459 | -0,360
Bob | -0,385 | -0,422 | 0,183 | 0,545 | -0,265
Joe | 0357 | 0,143 | 0,542 | -0,314 | -0,233
Ted | 0,652 | 0,651 | 0,094 | -0,373 | -0,345

7. Conclusion

In this article, the analytical expressions of A-CC were related to modal operators as
necessity and possibility along with the their composition with the A-model operator.
The case study presents an alternative to evaluate patients, providing a diagnosis for each
patient based on the interpretation provided by A-IFM compositions.

Further work considers the A-CC analysis based on the Atanassov’s interval-
valued intuitionistic fuzzy sets, including the study of main connectives together with
their dual and conjugation operators.
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