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Abstract. Quantum Walks are among the most widely used techniques with
which we can construct new quantum algorithms. This paper aims to outline
how to construct a circuit for the continuous-time quantum walk (CTQW) over
circulant graphs using the Quantum Fourier Transform (QFT) due to the spec-
tral properties of those graphs. Furthermore, we examine how the Approximate
Quantum Fourier Transform (AQFT) allows us to shorten the size of the cir-
cuit by reducing the number of controlled rotation gates. The contributions of
this paper consist of the development of a general circuit implementation of the
CTQW for an important class of graphs that does not scale up with time, and
the study of the cases where the AQFT decreases the error by controlling the
approximation. Finally, we provide a statistical analysis for several circulant
graphs, running experiments in a IBM’s superconducting quantum computer,
and we also explore the pretty good state transfer (PGST) for some graphs.

1. Introduction
Quantum walks provide a versatile framework in which we can develop new quantum
algorithms for problems such as searching [Childs and Goldstone 2004] and element dis-
tinctness [Ambainis 2008]. This technique has been studied in the context of transport
properties such as perfect state transfer [Coutinho 2014] and mixing time [Chakraborty
et al. 2020]. The coined quantum walk model was implemented using the topological
formulation in a cycle graph [Balu et al. 2018], and by using Quantum Fourier Trans-
form (QFT) as the main tool in the construction of the circuit [Shakeel 2020]. One of the
major drawbacks of the coined quantum walk model is that it requires an extra space for
the coin, and for some graphs the usage of a Noisy Intermediate-Scale Quantum (NISQ)
computer can be impractical. The staggered quantum walk model, which does not re-
quire a coin space, was implemented in the cycle and two-dimensional lattice [Acasiete
et al. 2020]. Those previous works were limited to the physical realization of discrete-
time quantum walks, and there’s still a need for a larger class of graphs which require a
minimum number of qubits, while having low circuit depth.

In the literature we find a physical realization of continuous-time quantum walk
(CTQW) in a photonic quantum processor using circulant graphs, but this work is limited
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to a graph with four nodes [Qiang et al. 2016]. Our paper aims to revisit this implementa-
tion in a superconducting quantum computer, constructing our quantum circuits with the
AQFT, so as to evaluate the error rate by approximating the circuit. We consider the case
of 2, 3 and 4 qubits, and we perform a statistical analysis for a variety of circulant graphs.

This paper is organized as follows. Section 2 gives a brief description of CTQWs,
describing the circulant graphs and its spectral properties, and the quantum circuit for the
AQFT. Section 3 presents our results, performing experiments for several graphs, varying
the number of qubits and analysing the effect of AQFT on state fidelity. Finally, we con-
clude our work in section 4 giving some remarks and insights for further improvements.

2. Theoretical Background
The development of new quantum algorithms can be achieved by the manipulation of
the Schrödinger equation, which governs the evolution of quantum mechanical systems.
Given a quantum state |ψ(x, t)〉, which belongs to a Hilbert spaceH, and the Hamiltonian
H which encodes the dynamics of an isolated quantum system, we can write

i~
∂ |ψ(t)〉
∂t

= H |ψ(t)〉 , (1)

where ~ = 1, and its evolution occurs in a N -dimensional space. Throughout this work
we consider the time-independent case of H , and this allows us to find a solution for (1)

|ψ(t)〉 = U |ψ(0)〉 = e−iHt |ψ(0)〉 , (2)

where H is a Hermitian operator considering a closed system.

Given a graphG(V,E) and its underlying adjacency matrixA, where V,E are sets
of vertices and edges, respectively, we can describe a CTQW by the equation

|ψ(t)〉 = e−iAt |ψ(0)〉 , (3)

where A is assuming the role of the Hamiltonian [Farhi and Gutmann 1998]. Throughout
this work, the circulant class of graphs will be considered. This kind of graph is defined
by a circulant matrix, such that

A =


c0 cN−1 · · · c2 c1

c1 c0 cN−1 c2
... c1 c0

. . . ...

cN−2
. . . . . . cN−1

cN−1 cN−2 · · · c1 c0

 . (4)

Considering a simple graph, the adjacency matrix in (4) should have some constraints:
firstly, c0 = 0 by the absence of self-loops; secondly, the matrix must be symmetric,
meaning that cn−j = cj .

In order to construct the quantum circuit, notice that the circulant matrix is diago-
nalizable by the Fourier transform, such that the eigenvalues are

λp = c0 +
N∑
q=1

cN−qω
pq. (5)



where ω = e2iπ/N . We can then construct an operator which diagonalizes the circulant
graph and we can define the unitary operator for the CTQW as

U = F †eiΛtF (6)

where F will be the QFT, and

eiΛt =
∑
j

eiλjt |j〉 〈j| (7)

is a diagonal operator which is implemented using multiplexors [Shende et al. 2006,Bul-
lock and Markov 2004]. Finally, we’ve implemented the approximate quantum Fourier
transform (AQFT), which is similar to the Quantum Fourier Transform, but the least sig-
nificant controlled rotations are discarded, as depicted in figure 1, consideringm ≤ n−1.

Figure 1. Circuit for the approximate quantum Fourier transform.

3. Simulating on a Quantum Computer
In this section we present the methodology used to implement the quantum circuits, and
our findings with respective analysis. Firstly, we construct our circuits, as is shown in
figure 2.

|ψ0〉 /n AQFTm eiΛt AQFT †m

Figure 2. Circuit for the continuous-time quantum walk.

The Qiskit package is then used to submit our jobs to IBM’s Toronto backend. In
order to construct this circuit, we use two main functions provided by this package. The
first one is the QFT, that takes in the number of qubits, n, and approximation degree.
The second function is named diagonal, which allows to construct circuits for general
diagonal operators using multiplexors [Shende et al. 2006, Bullock and Markov 2004].

Each experiment is performed 10 times, with 3000 shots each, in order to extract
substantial statistical data, using the confidence interval of 95%. We calculate the aver-
age fidelity between the ideal distribution p(x, t) and the experimental q(x, t) using the
formula

F (p, q) =
1

10

10∑
i=1

N−1∑
x=0

√
p(x, t)q(x, t) (8)

where x is the vertex and t time, so we can compare to previous work [Qiang et al. 2016].



We selected a considerable number of graphs, as is shown in figure 3, to observe
how the effects of the AQFT differ. For instance, the graph G1 is generated by setting
c1 and cn−1 to 1, and the rest of the elements to 0, and this corresponds to a cycle graph.
Therefore, Gk will have elements ck, ..., c1 = 1 and cn−k, ..., cn−1 = 1. For instance,
graph G2 with N = 8 can be described by column vector [0, 1, 1, 0, 0, 0, 1, 1]T . In this
way, we can systematically construct circulant graphs varying from sparse to dense.

(a) G1 (b) G2 (c) G3 (d) G4

Figure 3. Circulant graphs Gk for N = 8 elements.

Figure 4 shows the probability distributions for the CTQW on the G2 graph, for
N = 8 elements. The blue bar represents the quantum walk on the QASM simulator,
which is not a real quantum computer but an ideal simulation which is not affected by
noise. The remaining bar plots were obtained by running the circuit on the Toronto back-
end, where we can see the error introduced by noise.

Figure 4. Continuous-time quantum walk for N=8 elements, with time=1 and initial
condition |ψ(0)〉 = |4〉.

For the smaller N = 4 case, two non-isomorphic circulant graphs are possible
to construct. G1 corresponds to the cycle graph, and G2 to the complete graph. Table 1
shows the achieved average fidelities, which were calculated with (8). Our result for the
complete graph slightly outperforms Qiang’s et al work [Qiang et al. 2016], where they
obtained a fidelity of 0.967± 0.003.

m\G G1 G2

0 0.98 ± 0.01 0.99 ± 0.01
1 0.98 ± 0.02 0.993 ± 0.006

Table 1. Fidelity of quantum state with N=4, backend Toronto, and t=1.

In the N = 8 case, table 2 shows that state fidelity is greater as graph connectivity
increases, and as m increases. This is due to the fact that a greater m implies a smaller
circuit, due to the approximation, which means it will be less affected by decoherence.



m\G G1 G2 G3 G4

0 0.80 ± 0.01 0.92 ± 0.02 0.968 ± 0.007 0.965 ± 0.006
1 0.894 ± 0.007 0.95 ± 0.01 0.98 ± 0.01 0.973 ± 0.008
2 0.852 ± 0.009 0.955 ± 0.004 0.985 ± 0.003 0.990 ± 0.002

Table 2. Fidelity of quantum state with N=8, backend Toronto, and t=1.

Finally, we consider the case where N = 16 in table 3. Here, the behaviour is
similar to the previous case up to graph G5, meaning that higher graph connectivity and
larger m will result in higher fidelity. However, graphs G6, G7 and G8 even though are
highly connected and have relatively low depth, present lower fidelity. This is due to
the fact that the probability distribution of the dynamic of the walk on these structures is
highly concentrated in a small number for vertices, which means they are more susceptible
to noise introduced by NISQ computers. Nonetheless, the increase ofm still has a positive
impact on the fidelity of these circuits.

m\G G1 G2 G3 G4 G5 G6 G7 G8
0 0.47 ± 0.03 0.61 ± 0.02 0.78 ± 0.02 0.86 ± 0.01 0.86 ± 0.01 0.70 ± 0.04 0.54 ± 0.03 0.49 ± 0.04
1 0.50 ± 0.03 0.63 ± 0.03 0.79 ± 0.03 0.87 ± 0.02 0.85 ± 0.03 0.70 ± 0.03 0.55 ± 0.05 0.50 ± 0.04
2 0.55 ± 0.03 0.71 ± 0.03 0.83 ± 0.02 0.90 ± 0.01 0.89 ± 0.02 0.75 ± 0.02 0.62 ± 0.04 0.59 ± 0.06
3 0.60 ± 0.03 0.70 ± 0.02 0.85 ± 0.01 0.92 ± 0.01 0.91 ± 0.01 0.80 ± 0.03 0.71 ± 0.04 0.69 ± 0.04

Table 3. Fidelity of quantum state with N=16, backend Toronto, and t=1.

(a) v1 = [0, 1, 0, 0, 0, 0, 0, 1]T (b) v2 = [0, 1, 1, 0, 1, 0, 1, 1]T

Figure 5. Pretty good state transfer for different circulant graphs defined by v.

We implemented pretty good state transfer (PGST) which is a transport phenomon
that occurs in quantum walks when the initial state is restricted to a single excitation space.
PGST occurs between vertex i and j if, for any ε > 0, there exists a time τε such that

|U(τε)ij| > 1− ε. (9)

It was proved by Pal et al. [Pal and Bhattacharjya 2017] that PGST occurs in some classes
of circulant graphs at τε = 2πn, where n is a positive integer. One of those classes is
cycles with 2k vertices (C2k), where k ≥ 3, and the other is the union C2k ∪ G(2k), with
G(2k) being circulant graphs with connection set given by gcd-sets of Z2k . We chose one
graph of each class, v1 = [0, 1, 0, 0, 0, 0, 0, 1]T and v2 = [0, 1, 1, 0, 1, 0, 1, 1]T , and we



obtained a fidelity of 0.93 ± 0.01 for v1 and 0.906 ± 0.009 for v2. Figure 5 shows the
comparison between the simulated model in blue and the experimental result in orange.

4. Conlusion and Remarks
We presented a general framework of implementing the CTQW for an arbitrary circulant
graph of any size. Previous work by [Qiang et al. 2016] implemented the CTQW through
the QFT for a complete graph of small size, however our method takes advantage of the
Qiskit package making it possible to create a circuit for absolutely any circulant graph
while making use of the AQFT in order to reduce circuit depth. Contrasting our statistical
analysis to the work of [Acasiete et al. 2020], we offer a more accurate overview of the
results of running a quantum walk on a superconducting NISQ device, since we calculated
the average fidelity of several instances instead of choosing the best case. Finally, we
presented two cases of PGST were we also explored the effects of the AQFT.
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